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Vector Products

1°. Scalar Product

- -

The scalar product of nonzero vectors a and b is a number equal to the product of the
lengths of these vectors by the cosine of the angle between them. If at least one of the factors is a
zero vector, the scalar product is considered to be zero.

The scalar product is denoted as (a, b). Then, by definition,

Z,Z:; l;)cos ;0<p<m,
(a,b)=|a | ® ¢

where ¢ is the angle between the factor vectors.
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Properties of the scalar product
1°/ (a,b)=0 with a#0 and b#0?if a and b are mutually orthogonal,
2°.  (a,b)=(b,a) (commutativity),

8% (@t hy ay,b) =1, (a), 5)+ 1y (ay, b) (lincarity)

4. (a,a)=la20Va; |al=1(a,a),

-> -

(conditions: (a,a)=0 and a = o are equivalent),

5°. Fora#o and b#0 cosp= (a,b)

- -
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2°. Vector product

- - -
A vector product of non-collinear vectors @ and b a vector ¢ such that

- = = - -
1°0 | c|=|a] b|sin@, where is the angle between the vectors a,b; 0 <@ < .

- - -
2°.  The vector ¢ is orthogonal to the vector a and the vector b .

> o5 o

3°.  The triple of vectors {a, b, ¢} is right-handed.

In the case where the factors are collinear, the vector product is considered equal to the zero vector.

- >
The vector product is denoted as [a, b].
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Properties of vector product

-> > - -
1°. |[a,b]| is equal to the area of the parallelogram constructed on vectors @ and b .

- -
2°. For nonzero vectors @ and b to be collinear, it is necessary and sufficient that their
vector product be equal to the zero vector.

3° [a,b]=—h,a] (anticommutativity)
2 [Doa,bl=Ma,b].

> o > -> >

5° [a+b,c]=[a,c]+[b,¢] (distributivity).
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3°. Mixed product
a,b, c), is the number

- > -
¢, denoted as (

The mixed (or vector-scalar) product of vectors a, b and

> o> o

(la,b],c).

Properties of the mixed product
(a b, c)isequal to the volume of the parallelepi-

The absolute value of the mixed product
-

1°,
5
ped constructed on the vectors @ , b and c . The sign of the mixed product is positive if

¢ 1is right-handed, and negative if it is left-handed.

the tripleof @ , b ,

(@,b,¢)=(c,a,b) = (b,c,a) = ~(b,a,c) = (¢, b,a) = —(a, ¢, b)

2°.

3 (ha.b.c)=Ma,b,c):

> > > > > > > - o >
4°. (a,+a,,b,c)=(a,,b,c)+(a,,b,c),

The mixed product is equal to zero if there is at least one collinear pair among the factors.
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4° Double vector product

- - - o> >

The double vector product of vectors a, b and ¢ is called the vector [a [b ¢ ]].

Property of the double vector product

> o >

[a.[b.c]] = b(a.c)—c(a.b).
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- - - - - -
Task 4.01 What angle do vectors a and b form if it is known that a+2b and 5a—4b
are orthogonal?

Solution

- - - -
If vectors a+2b and 5a—4b are orthogonal, then their scalar product is zero. Taking

- -

b

into account the commutativity of the scalar product and the conditions =|b|=1 we have

0=(a+2b,5a—4b)=5(a,a)—4a,b)+10(b,a)—8(b, b) =
2 2

+6(a.b)—8b| =6(a,b)—3.

—

=5a b

- >

1 1 i
Since (a,b)=— and cosp=— = =—.
(a,b) 5 ®=5 ¢ =7

Solution is found.
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Task .4.02 Show that the vector product of a pair of vectors does not change if a vector
collinear to the first factor is added to the second factor.

Solution
Let [a,b] and ¢ = b+ A a be given. For [a, c] we have
[a,c]=[a,b+Na]l=[a,b]+A[a,a]=]a,b],

- > -
since [a,a]l=o0.

Solution is found

Note that we have also shown that it is impossible to uniquely indicate the second factor for a vector product
and one of its factors.
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Task 4.03 - - -
Find a vector x lying in the plane of vectors a and b if
(a,x)=a,
(b,x)=8,
- -
and vectors a and b are non-collinear.
Solution

Vectors a and b form a basis in their plane. Therefore, vector x can be
(and uniquely) expanded in this basis

N

x=&a+nb

We can find the expansion coefficients from the system of equations
(a,a)c+(a,bn=a,
(b,a)s+(b,bn =p.

Solution is found.
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Task 4.04 -

Find vector x if
- >
(a,x)=a,
- >
(b,x)=p,
(c,x)=v,

> > -
and the vectors a, b and c are not coplanar.
Solution

- -

The vectors a, b and ¢ are linearly independent, so the vectors [a,b], [b,c] and

[c,a] are also linearly independent. Therefore, they form a basis in space and vector x can
be (and uniquely) expanded in this basis

x=&a,b]+nb,cl+Klcal

We can find the expansion coefficients from the system of equations

-> o > > 5> > > >

(a,a,b)¢+(a,b,c,n+(a,c,a)x =0,
(b,a,b)E+(b,b,c,m+ (b,c,a,)x =P,

(c,a,b)+(c,b,e,n+(c,c,a)k =7,

which, by the properties of the mixed product, is equivalent to the system

(ZJ;,Z,)??=0!,
(b.ca)c=f,
(C,a,b,)é = }/ *

Solution is found.
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N
Test 4.05 Find all vectors x satisfying the relation

- -

[a.x]+[x.b]=[a.b],
if vectors Z and lj are non-collinear.

Pemenmne

We multiply both sides of this equation scalarly by b, we get

> > > > > >

([a x] b)+([x b] b) ([a b] b) or (axb)+(xbb) (a,b,b).

> > >

According to the propertles of the mixed product (x,b,b) = (a b b) 0, that is (Z X, b) 0.

This means that vectors a, x and b are coplanar and linearly dependent

- - -
In this case, the vector x can be represented as a linear combination of vectors @ and b.
-

Therefore, x =aa+B5b.

—

Now we find at what values of a and 3 the vector x = aa+B b will satisfy the original rela-
tion. Substituting, we get

(a,x]+[x.b]=[a,a a+ Bb]+[aa+ Bb,b] =

*)

ala,al+ Pla,b]+ala,b]+ Blb,b]= (o + B)a,b] =[a, b],
that is, it is necessary that o+ 3 = 1. Therefore ; = oc:z)—i- (1- oc)g , Va.

Solution is found
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Task 4.06 ] - )

Find vector x from a system of equations
[a,x]=b,
- > ’
(¢c,x)=a,

- >
subject to (c,a)# 0
Solution

We multiply both sides of the first equation vectorially from the left by ¢ . Then we use the prop-
erty of double vector product. We get

[c.[a.x]] = a(c.x)— x(c.a) = [c,b]

e - >
Ota—x(c,a)=[c,b],

-> >
since due to the second equation of the system there will be (c¢,x) =« .

Where we finally get
X = o a: [fa b] )
(c,a)

Solution is found.
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Vector Products in Coordinates

Expression of Scalar Product in Coordinates

Let a basis {g1, G2, g3} and two vectors a and b with coordinate
expansions in this basis:

—

a=&g1 + &0 +&3G3, b=magi + 2G> + 137G .
Then by properties 3) and 4) of the scalar product
(a,b) = (&1g1 + &ago + €303, mG1 + M2G2 + 1393 ) =

=&m(g1, 1) + &m2(G1, G2) + Ens(g1, g3)+
+&2m1(G2, g1) + Eam2(G, G2) + §2m3(G2, G3)+
+&3n01(g3, G1) + E3m2(G3, Go) + &3nm3(g3, 93) =

3
= Z(fﬂh (75 1) + &m2(gj, G2) + 5;‘773(!7;'753)):
i=1

3 3
ZZ&}% gjagz .

j=11i=1

—
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In the case of an orthonormal basis, this formula is simplified, since for
pairwise scalar products of basis vectors the equality  (€},€;) = 0;; =

{ (1)’ ; ; ;’ where the number d;; is called the Kronecker delta.

From where for the scalar product of vectors in an orthonormal basis
we obtain the formula

(a,b) = Evm + Eoma + Esms.,

from which the following relations follow: ‘c:‘ = (a,a) =

\/ &+ &+ &2, and for the case a#oAnd b#o,
a,b B &um + Samz + &313
Ja+8+8 -/ mrmg+n

cosp =

)
b

[¢
a

Note that this equality in combination with the condition |cos¢| < 1
leads to the correct V&, mn; 4,7 = 1...3 Cauchy - Bunyakovsky
inequality:

|m + Eam + Eams |< G+ B+ SRR E
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Task
4.07

Solution.

Solution
is
found.

Find the distance between two points in an Cartesian
coordinate system with orthonormal basis if the coordinates
of these points are known.

Let the following be given: orthonormal coordinate system
{0, e, é, s} and two points M; and Ms, whose
radii=vectors have coordinate representations of the form

o] = & | wa [oin] =] m
‘ €3 ‘ 3

Then, using the formula for the length of the vector
MMy = (& —m)éy + (&2 — 12)@ + (&5 — 13)85

we obtain in the orthonormal coordinate system

‘ My My ‘ = \/ & —m)2+ (& —m2)2+ (& —m3)? .
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Expression of vector product
in coordinates

Let right basis {1, g2, g3} be given (i.e. such that vectors {g1, g2, §3}

form right-handed triple) and let in this basis vectors a and b have
coordinate decompositions

a=§1g1 +&202 + §303 and b =gy + 120> + 1305 -

By properties 2) and 3) of the vector product we have
[a,b] = [&1.G1 + &2 + &35, mg1 + 0202 + 13G3] =

= &G, Gi) + &nzlg1, Go] + E1n3(dr, g3+
+&omi[Ga, 1) + Eam2(Fa2, Go] + E2m3[Ga, G3)+

+&m(3, g1] + E3n2(gs, Go] + E3m3(g3, 3] =
3

3
=33 &mild; gl -
=1

i=1
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If we introduce the notation

f1:[§2?§3]a f2:[§37§1]7 f3:[§1a§2}7

then we get an easy-to-remember formula

-,

[a,5] = (€am3 — E3m2) i — (Eums — Eam) fo + (€112 — Eam) fs =
‘ & & ‘ & &
2 N3 m mn2
i B f
=det| & & &
mon2 M3

= fidet

‘—fédet

‘51 &3
m n3

’—!—f;;det
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The case of an orthonormal basis

Let the original basis {€1, &, €3} orthonormal, forming a right triple
of vectors, then by the definition of the vector product

flzel, f22627 f3:€3-

Then the formula for the vector product of vectors in the right orthonormal
basis will be noticeably simplified:

—

. €1 €2 €3
[a,b] =det| & & &
o mn2 "3
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The case of an orthonormal basis

The above formulas have useful consequences.

Corollary For vectors @ and b to be collinear, it is necessary
and sufficient that in any basis

det || €2 &3 ‘det & & |l _getll & & ‘O,
N2 13 Mmoo m 12
or(inthecaseofg#g) 5—125—225—3.
M2 M3

Corollary In an orthonormal basis, the area of a parallelogram
constructed on the vectors a and b, is

S = \/det2 &2 & ’ + det? SRS ‘ + det? G & ,
N2 73 mon3 m 72
& &3

and for the case on the plane S = ’det

|

N2 N3
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Expression of a mixed product
in coordinates

Let a right basis be given {g1, gz, g3} and let in this basis the vectors c;,l;
and ¢ have coordinate decompositions

a=¢&G1+ 802+ 8305, b=mg1 + m2G2 + n3g3
and accordingly €= K1g1 + K22 + K373 -

It was shown earlier that the vector product in coordinates can be
represented as
.

& &3

— fydet
N2 N3 fe

[a,b] = fi det

‘—&-f;;det

&1 &
m 712

&1 &3
m n3

= (G2, 53], fo=1[G3,G1], f3=1[1, 0]

=
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Using the definition of a mixed product, it is easy to verify that the
last equalities imply the relations

-7 _ (517527.63) fOI‘ k:j’ s
(g,wfj)—{ 0 for k4] Vk,j=1,2,3.

Then we get for the mixed product will be

(575,5)=([5,5],5)=<mdet ‘ & & ‘—
N2 N3
&1 &3 &1 & - o o
—Ko det det =
kg de ‘771 pe || Trsdet) P o (91, G2, g3)
&1 & &

=det| m n2 ns ||(G1, G2, g3)-
K1 K2 K3

Indeed, the expression in large parentheses is the expansion of the
determinant of the 3rd order by its last line.



Seminars ANALYTIC GEOMETRY  Umnov A.E., Umnov E.A. Theme 0a} 2025/26 22

Notes: 1) In the case of a right orthonormal basis we have
(€1, €3, €3) = 1. Therefore, in such a basis
&1 & &3

(avbv C):det M T2 N3
K1 K9 K3

2) For a triple of vectors {fi, fé, fé} is true

Theorem Triple of vectors {ﬁ, f;, f;} linearly independent.

Corollary The triple of vectors {fl,fé, fg:,} forms a basis

(called reciprocal to the basis {g1, G2, g5} ) -



