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Second-order surfaces in space

- > o

Let an orthonormal coordinate system be given in space {O,e,,e,,e,} .

Definition A surface S is an algebraic second-order surface if its equation in the given
coordinate system can have the form

A3+ Ayt + Az’ +
+2A4,xy+2A4;xz2+24,,yz +
+24,x+2A4,y+24,z+ A, =0,

where the numbers A4,, 4,,, 4;;, 4,,, 45, 4,; are not equal to zero simultane-

ously, and x, y and z are the coordinates of the radius vector of a point be-
longing to S .
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As in the plane case, the coefficients of the surface equation depend on the choice of coordinate sys-
tem. Therefore, when studying the properties of second-order surfaces, it is advisable to first switch to
the coordinate system for which the surface equation turns out to be the simplest.

Theorem For each second-order surface, there is an orthonormal coordinate system

> o o

{O',¢],e},e;} in which the equation of this surface has one of the following seven-
teen canonical forms:
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Empty Points, lines Cylindrical
sets and planes and conical surfaces
Isolated point Elliptic
cylinder
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Pair of intersecting planes
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coinciding planes
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Ellipsoids

Nonsingular
surfaces

Paraboloids

Hyperboloids

Ellipsoid

Elliptic paraboloid
2 12
X
3 + yT = 2Z’
a b

Hyperbolic paraboloid

One-sheet hyperboloid

and a>0,b>0,¢>0, p>0.
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Rectilinear generators of 2nd order surfaces
Cones, cylinders, planes and lines obviously have rectilinear generators. In addition, hyperbolic
paraboloids and single-sheet hyperboloids also have them.

1) we write the equation of a hyperbolic paraboloid in the form

sy
a b)\a b
then we can conclude that for any values of the parameter « , points lying on the lines

LI F Yoy

. and ax b
a(_yjzz a[yj
a b a b

also belong to the hyperbolic paraboloid, since the term-by-term multiplication of the equations of the
planes defining these lines yields the equation of the hyperbolic paraboloid.

Note that for each point of the hyperbolic paraboloid, there is a pair of lines passing through this
point and lying entirely on the hyperbolic paraboloid. The equations of these lines can be obtained (up
to some common non-zero factor ) by selecting specific values of the parameter « .
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2). A one-sheet hyperboloid has two families of rectilinear generators. Having written the equation

of this surface in the form
2
o)e-2p
a c)\la c b

we can come to the conclusion that for any non-zero simultaneously « and £, the points lying on the

lines
AN ' R A Y
Lot A} L A
X z)_ y and X z)_ y
As-5)-+3) A5-2)--3)

will also belong to the one-sheet hyperboloid, since the term-by-term multiplication of the equations of
the planes defining these lines yields the equation of the one-sheet hyperboloid.

That is, for each point of the one-sheet hyperboloid there is a pair of lines passing through this point
and lying entirely on the one-sheet hyperboloid. The equations of these lines can be obtained by select-
ing specific values of & and £.



ANALYTIC GEOMETRY Umnov A.E., Umnov E.A. 7
Theme 09 Seminars 2024/25

Task 9.1.

Solution:

2
Find the rectilinear generators of the surface % —y? =2z passing through the point

(-3,1,0).

1) Represent the equation of a hyperbolic paraboloid in the form

(;C - yj(;c + yj =2z, which is a consequence of each of the following two systems

defining straight lines

2) For the first family of straight lines, the condition of passing through the point
(-3, 1, 0) has the form « = 0. Then the desired straight line will be

x =-3r,
x+3y =0,
or =7,
z=0 d
z=0.

3) [ns BTOpOro cemeicTBa MPSMBIX YCIOBUE MPOXOXKACHUS uepe3 Touky (-3, 1, 0) 3a-

MUCHIBAETCS aHAJIOTu4YHO: « = —1. Mckomas mpsimast B 3ToM cirydae ecth For the sec-
ond family of straight lines, the condition of passing through the point(-3,1, 0) is

written similarly: & = —1. The desired straight line in this case is

£+y+Z: O, x:_6+3f,
3 or Jy=rt,

X

5_)’ =-2 z=2-2r.

Solution is found
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Construction of surfaces

The deduction of equations of surfaces can be performed by using their geometric properties. For
example, a conical surface is defined using a homothety relative to its vertex.

We will illustrate this for the case of a cylindrical surface.

Task 9.2.  Find the equation of a cylinder circumscribed around two following spheres
X4y +2°=36 and (x-1)°+(y+1)*+(z-2)* =36.

Solution: 1) Obviously, the axis of the desired cylinder is a straight line passing through 7, - the
1

origin, with a direction vector |a |=|—1| (a vector between the centers of the spheres)
2

X
2) Let an arbitrary point p on the surface of the desired cylinder with H ﬁH =|y|.
z

Since the distance from any point of the cylindrical surface to its axis is a constant R,
then (according to the well-known formula for the distance from a point p to a

straight line 7 =7, +7a)

= R’al =[[p-r.all.
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3) In our case we have: R=6 and \6\2:6, and

él éZ é3
[p-F.all= |detfx » z| =
1 -1 2

= |[p-r.all =Qy+2) +(2x—2)" +(x+ ).

Where we get the desired equation of the surface

Qy+z) +(2x—z)" +(x+y)* =216.

4) Outwardly, this equation does not look much like the canonical equation of a cylin-
X'=2y+z,

der, rather it is the equation of an ellipsoid, since when replacing < y'=2x—z, we get
Z'=x+y

X242z =216,

However, we note that these formulas are not coordinate replacement formulas (i.e.

0 2 1
transition formulas) since for the matrix of such a replacement det| 2 0 —-1|=0
1 1 O

and it cannot be a transition matrix!

In our case, the left side of the resulting equation, due to equality 2z'=x'+y', can be

represented as
3x742x' Y3y =432 VZ',

which (show this yourself) is the equation of a straight, circular cylindrical surface.

Solution is found
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Surfaces of revolution

Definition A set of points whose coordinates satisfy the equation

F(iqlx2 +y2 ,z) =0,

1s called a surface of revolution around an axis Oz .

A rotation of lines of the second order around some axis is not always a surface of the second order.
For example, a rotation of a line (x—1)* + y* =1 around an axis Ox gives an ellipsoid, and a rotation
around an axis Oy gives a torus.

&
A
0 A
i
X
x =27,
Task 9.3.  Find the equation of the surface obtained by rotating a line { y =4, around an axis
z=7

Oz and determine its type.
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Solution: 1) The given line P and the axis of rotation Oz form a pair of intersecting lines. We
X

choose A — some point on the sought surface of rotation with coordinates | y |.

z
This point belongs to the circle L, therefore, according to the Pythagorean theorem
4y’ =R (2),

where R(z) is the radius of the circle L.
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Solution

2) On the other hand, the point 4 belongs to the given line P . This means that for its

=2
co-ordinates {x 4Z . From which we obtain that R*(z) =16+4z".
y =

Consequently, the desired equation will have the form x* + y* =16+4z> or
2 2 2
R
4 4 2
This means that the desired surface of revolution is a one-sheet hyperboloid.

is found



