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Calculating Limits
Using Taylor’s Formula

A representation of functions using Taylor’s formula can be an effective

method for calculating limits. More precisely, this representation can be
0

used to expand uncertainties of the form « 6» and «1°°» . The basis for

this use is the following theorem (theorem 6.1).

Let functions f(z) and g(xz) be such that lirrb f(z) = 0,
r—

linbg(x) =0 and Im € N such that the equalities f(z) =

z—

ax™ + o(z™) and g(z) = bx™ + o(z™) ¢ b#0. Then
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Recall that the equality

n ) (g
y@) =3 L) () o((e— o)) (6.1)

k!
k=0

is called the expansion of the function y(z) in the neighborhood of the point
xo by the Taylor formula with the remainder term in Peano form. Equality
(6.1) in the case when xo = 0 is called the Maclaurin formula.
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We present a table of Maclaurin formulas for some basic elementary

functions.

n xk

Do = E e -
22
= l4z+ o +o(z?),
ol
no g2kl
2 h — 2n+2 —
) shax kZ::O k1) + o(x?"*?)
B x> a®
= $+§+§+0( )
no g2k
3 chx = 7—|—ox2”+1 =
) ERCOTA
B 2zt
= Lt gt o),
n 22kl
: _ _1\k 2n+2\ _
4) sinzx = Zo( 1) 7<2k+1)|+0(:17 ) =
x3 25
n 22k
5) cosx = (—1)F —— 4 o(2?"+1) =
&Y
x? 2
= 1 §+1+0(1’5)n
6) (1+2)* = 14+ Ckakb 4 o(z") =
k=1
—1
= 1+ax+%x2+0(1’2),
) o= SN o) =
].+(E k=0
= 1l—z+2%+o0(z?),
8 1 _ - k ny —
) 1—=x B kZ::OCC o) =

= l1+z+22+0(2?),



Introduction to CALCULUS Umnov A.E., Umnov E.A. Theme06 2024/25 4

1 n (2 — 1)
= 1 AP, ny —
9 A= X o @ o)
3
= 1+§x+§x2+0(x2),
n(il)kfl .
10) In(l+z) = k=1 — +o(z") =
2 ad
- L 3
= -5 + 3 + o(z?),
n 22k
11) arctgz = kz::()(_l)ka 1 +o(z**?) =
3 .5
= z— %—i— %—i— o(x9)
They may also be useful
12) tgx = x+1x3+3x5+0(x6)
3 15 ’
13) arcsinz = x4+ 11'3 + iw"‘ +o(z9).
6 40
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Let us explain the idea of this method with the following example.
. ~ sh2x —2sinx
Example 6.1. Find A=lm ————.
x

x—0

According to formulas 2) and 4), the following equalities

Solution.
will be true
83 x3
sh 2z = 2$—?+0($4) and sinz = x— §+0(x4) .
Therefore
22 + -2 + o(2*) — 20 + —2% + o(z?)
A= lim =
z—0 3

_ 7 3 _ ©
_alcli% 23 _911—% 3+ x3
B i o(z*) 5
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The above transformations do not require any special comments. Let
us note only the equalities

_o(a?) o(z")
lim = lim z - 1
x—0 X x—0 A

=0 and o(z*) 4 o(z*) = o(x?).

The first of which follows from the definition of the function o(z). In the
second (it looks strange) all three functions o(z) are different. A more
precise notation would be o¢)(z?) + 02y (z?) = o3 (2?) .

Note that Theorem 6.1 does not provide a way to find the value of m.
However, it is clear that this value is determined by the first nonzero terms
in the expansions for the functions f(z) and g(z).

When solving problems, one can only recommend starting the
construction of the expansion with the simplest of these two. The following
examples illustrate the expediency of this approach.
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zv/1+sinx + In(l — z
Example 6.2. Find A= lim . ( ) .
z—0 tgxr —sinx

Solution. 1) The denominator here is clearly simpler than the
numerator. Therefore, we will start with the first. From
table formulas 4) and 12) we have

x? x3

tgx = z+§+o(x4) and sine =x— €+0(x4) .

1
Therefore, the denominator is §x3 +o(zt) — m=3.
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2) In the numerator, the first term is equal to the product of
2 and a complex (i.e. superposition) function v/1 4+ sinz.
Therefore, it is sufficient to expand the latter to o(z?),
since xo(z?) = o(z?).

1
By tabular formula 4) , where a = 5

1 1
.<_1>
1 2 \ 2
\/1+t:1+§t+7t2+0(t2):

11
=14 -t——¢> t2).
+2 3 + o(t%)

Therefore

1 1
V1+sinz = 1+§ (x— 6x3+0(x4)> -

1 1
:1+§x7 §x2+0(:172).
Note that here we used the well-known formula
(a+b+c)® =a®+b> + & + 2ab + 2ac + 2be. (6.2)

Then we collected into o(z?) all terms of the second or
higher order of smallness.
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3) The table formula 10) for the logarithmic function yields

1 1

In(1—-2)=—2— —2* - 2%+ o(2?),
2 3

which, together with the expansion obtained in 2),

allows to write the Maclaurin expansion for the entire

numerator
1 1 1 1.
x (1 + 5T~ gzz + 0(x2)) —x— 5932 - §x3 + o(z?) =
11
= —ﬂxg +o(z?).
11
— — 23+ o(z?) 11
And finally, A = lim 24 =——.
z—0 1 12

53:3 + o(x?)
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* 4+ 1In(1 —si -1
Example 6.3. Find A= lim ¢ n(l - sinz) .

z—0 V8 —xt—2

Solution. 1) The denominator in this problem is also simpler than
the numerator. For the denominator, using table formula

1
6) with a = 3 e have

So, m=4.
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2) To construct the expansion of the numerator, we need
the following table formulas

z? 2 gt

e = ltet gt gt grtola?),
z? 23 2!

In(l-2) = —a— ———— " 4 o(z*

n(l —x) T 53 4+0(x),
3
x

sin x = x- F+ o(x*).

Specifically, for the second term in the numerator, again
using formula (6.2), we find

In(1—sinz) =

CCS ,132 1'4 IB
=t T T T T facrtatolet) =
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As a result, the formula for the numerator takes the form

z? 23 2t z? 23 2t

1 Z T

+a+ +3'+ 56 12 I4o(z?) =
4
x

3) Thus, finally, we get
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Sometimes, to construct the Maclaurin approximation, it is expedient
to combine the use of tabular expansions and its definition, i.e. formula
(6.1). Let us give an example of such a situation.

arctg(3 4+ z2) — arctg(2 + cosz
Example 6.4. Find A= lim i ) 8l )

z—0 In(l1+x)—e*+1
Solution. 1) Since the expansions are valid
z? x?
e“’zl—&—x—i—j—i—o(xg) ln(l—l—a:):x—?—i—o(a:Q),
then for the denominator we easily obtain
x? x?
x — ?—1—0(332) o 54—0(562) = —2?+o(2?).
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2) In this example m = 2 and the expansions for the
numerator are easy to calculate using formula (6.1). To
do this, at the point x = 0 we need to find the values of
both the numerator itself and its derivatives up to and
including the second order.

The value of the numerator ®(x) at zero is obviously
zero. Let us write out the formula for its first derivative,
without making any simplifications. We have

2x —sinz

&' (z) = —
() 1+ (B+22)2 14 (2+cosz)?

It is also obvious that ®(0) =0.
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3) ®”(x) is sought by the differentiation rule. We have for
the first term in ®’(x)

2 © 214+ (B+4a2)?) - 20(1+ (B+a2)2),
1+ @B+a2)? ) B (14 (3 +2)?)? N

21+3%) -0 1

S Tdrer 5

Similarly, we find for the second term in @'(z)

—sinx / 1
1+ (2+cosz)2] — 10
T

Check it yourself.
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4) Now, using (6.1), we write the expansion for the entire
numerator

d(z) = ®(0) + &'(0)x + %@”(0)@2 + o(z?).

Substituting, we get
1/(1 1 3
— I R 2 2y 2 2
b(z) = O+O:c+2 <5 ( 10)) z"+o(z?) 20% +o(z?).

3
—z% + o(x?) 3

. .90 __°
Finally A= PLI%) o) ) 50"
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Example 6.5 Find the first three terms of the expansion in the
Maclaurin formula for the function tgz.

Solution. 1) We use tabular expansions for the functions sinz
and cosx, as well as the expansion with undetermined
coeflicients for the odd function tgx

3 2P
e L 5
sinx = x 3!—&—5!4—0(3:),
z? ozt
cosz =1 EJF Z+0(m"),

tgz = ax + bx® + cx® + o(zP) .
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2) We find the values of the undetermined coefficients using
the equality
cosz -tgx =sinz,

which in the introduced notations has the form

21 4l

.1'3 .’IJS
_ _ 5
= (x 37 + T +o(z )) .

3) Multiplying the polynomials on the left side and equating
the coefficients at equal powers of z on both sides, we
obtain the values of the desired coefficients

2 4
(1 - x——i— m——i— 0(305)) (ax + ba® + cx® + 0(335)) =

1 2
a=1, b= -, c=—.
3 15
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Let us now consider examples of calculating a limit of the type specified
in item 2) of Theorem 6.1.

x
arcsinz \ (1 — chx)?
Example 6.6 Find A= lim (\/1 + 2x-cosx — > ( ) .
x—0 1 +x
Solution. 1) Since the exponent is simpler than the base, we begin to

find an expansion for the exponent. We have

1 1
l—chz = f§m2+0(:z:2) — (1-chz)?= ZI4+0(I4)'

Then

T T 1

1—chz)? 1 1
( ) 1x4 + o(z*) ng + o(z3)

Therefore, m = 3.
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2) We obtain the expansion of the base as follows. We have

1
cosz =1-— 5352 +o(2?),

3
2

V1i+2x=14% 2m+l( %)41‘ +w8x 3 +o(z?) =

1 1
=1+4+2— 2%+ =23+ o(23)

2 2
Then
142z cosz =

1 1 1
= (1 - 53;2 +0(x3)> . <+a: - 51‘2 + 53:3 +o(x3)> =

=1+4+x—a2+o0(x?).
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Similarly, taking into account table formulas 13) and 6),

from
arcsinz = 1 + Exs + o(x?)
and
1
——=1—a+2?—23+0(23),
142
we get
arcsinz
1+z

= <1+ éxSJro(x?’)) (I—z+42?— 2%+ o(2?)) =

)
:x—x2—6x3+o(x3).

5
As a result, for the base we have 1+ ém?’ +o(2?).
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3) Finally, by item 2) of Theorem 6.1 we obtain

1
SRS e

=1l
z—0

“ls

Note that under the conditions of Theorem 6.1 A = e¢® | where

i A S@) @)
B =l — im o~ A (6.3)
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Let’s consider another example of uncertainty disclosure «1°°» .
2

x
. . 2x 2 22 — arctg x2
Example 6.7. Find A= lim - — —z2 .
z—0 \ sin2x 3
Solution. 1) Let’s start with constructing the expansion for the
exponent. We have
x? x? 1

2 — arctg x2 - 26 x? '
2 — (:172 iy + 0(:69)> 3 + o(z")

That is, m =4.
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2) To obtain the Maclaurin formula for the base, we first
expand the fraction to o(z?)

2x 2x

sin 2x

1 1
2z — 68563 + m32x5 + o(z9)

—_— 1 —_
= ; 5 =
1- <3x2 — Bx‘* + 0(1‘5))

2 2 2 4 i =
_1+<3x — ot ol 5)>+<3m +0(x3)> +o(z?) =

As a result, the Maclaurin representation of the base will

be
2x 2 14
2
_Z - 14 =
sin 2z 31: +45:r +o(z%).
Finally, applying the second assertion of Theorem 6.1,

we obtain A = 183 = ei5 .




