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Indefinite integral

In the case f(z) = F'(x), the function f(z) is called the is the derivative
function of the function F(x), and the function F(z) — is the primal
function for the function f(x).

The relation f(x) = F'(z) expresses the derivative through the primal,
and the question naturally arises as to how to express the primal through
the derivative.

It is convenient to introduce a special notation for all primes of the
function f(x).

Definition 2.2.  The set of all antiderivative functions for some function
f(x) is called indefinite integral and is denoted as

/f(x)d:v .
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The question naturally arises: Is it always possible to construct a
formula for F(z) using a formula for f(x)? And, if possible, how to do
it?

Let us remind you that that from the formula F(z) the formula for
f(x) can always be constructed. But on the contrary — «alas and ah!s> the
answer to this question is generally speaking, is negative.

Examples of functions f(z) for which antiderivatives are not expressed

sin x 1
through elementary functions, they serve eEQ, , —

T Inx

Accordingly, integrals of the type

2 sin x dx
/ e’ dr , / dx | —
T Inx

It is customary to call them “non-taken” ones.
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At the same time, it should be noted that, in addition to obvious
relations like

/F’(x)dm:{F(x)+C’ vc},

in a number of practically important cases it is still possible to find formula
for F(z) according to the known formula for f(z). The total number of
these cases varies in the thousands and their description is the contents of
reference books that are quite substantial in size and number of pages.

For our purposes it will be quite enough collections of indefinite
integrals presented in Tables 2.3a and 2.3b. In what follows we will call
these integrals “tabular” and consider them known.
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I would like to draw your attention once again on the significance of
the assumption of continuity of the function f(z).

Let’s take a closer look at the fourth formula (marked with «asterisk»)
in table 2.3a. You can verify that the given formula for the antiderivative
specifies not all functions F(z) such that F'(x) = f(z). For example, for

the function
Inz 4+ Cy if >0,

F(z) = In(—z)+Csy, if <0

derivatives both for the case x > 0, and for x < 0 are represented the same
formula %, even if C7 # Cs.
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Really,
d(l C 1
dine+C) 1o o
dx T
d(n(z)+C5) _ 1 (~1) = Lt e<o
dx (—z) x’ '

1
The point is that the function f(x) = — is not continuous: for zy = 0 it
x
has a discontinuity, which leads to violation of equality (2.4.)
However, for practice these problems are not a significant limitation.
1
Let’s say the function f(x) = — can be considered for the cases z > 0 and
x

2 < 0 independently of each other. Then formula (2.4) will be satisfied,
since this function is continuous both for all > 0, and for any negative
values of its argument.
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f(x) [ fz)dx
10 2% a# —1 L +C
’ a+1
20 e.’L efL‘_"_C
al?
3° 1| a*, a>0,a#1 —+
Ina
1
4° - In|z| + C*
T
5° Ccos T sinx + C
6° sin x —cosx +C

Table 2.3a
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f(x) J f(z)dz
7° ! inx 4+ C
—_— arcsin
V1— 122
8° ! Larcte 24 C 20
e _arctg — , €CIn a
1
9° —_— In|z+Vx2+a?|+C ,ecoma>0
Va2 + a? ’ ‘
x a? T
10° a? — 2 Ex/az—xQ—&—?arcsmf—i-C , ecam a > 0
a
2
x a
11° 2 — a? 5\/3:2—a2—?1n|x—|—\/372—(12|+C

Table 2.3b
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Such a small number of «tabular» integrals turns out to be sufficient to
solve a significant number of problems, since we also have formulas at our
disposal, allowing to express indefinite integrals of some functions through
integrals of others. These formulas are summarized in Table 2.4.

el [ (f@) +g@) de= [ f(x)de+ [ g(x) da

22\ [(k-f(z))de=Fk- [ f(z)dz, rme k — const

3° 0 [ f(2) - g(a)dx = f(z) - g(2) = [ f(2) - ¢ (z) dux

201 [ flg(@) - g'(x)dx = [ f(u)du , rae u=g()

Table 2.4
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Such a small number of «tabular» integrals turns out to be sufficient to
solve a significant number of problems, since we also have formulas at our
disposal, allowing to express indefinite integrals of some functions through
integrals of others. These formulas are summarized in Table 2.4.

These formulas need proof, and for example let us verify the validity
of the formula 3°, often called a rule integration by parts. According to
paragraph 3° of Table 2.2 and the definition of the integral

(@) - 9(0) = F'(z) - g(x) + f(z) - () =
N / i = / (@) -9(@) + [() - ¢ (@) do =

N / f@)g@)dat [ 1) (x)do

since the equality of the functions implies the equality of their indefinite
integrals (but not primitives!) The formula for integration by parts follows
from the last relation.

/ F(@) - g(e) de = f(z) - glz) — / f(@) - g/ () da

Rule 4°, often called rule of change of variable of integration, is also
quite obvious, because by the definition of the first differential from the
equality u = g(x) follows du = ¢'(x) dz . Note that quite often (especially
if the function g(z) is not too complex) the 4° rule is written as

/ f(9(@)) - o' (@) dz = / Flg(a)) dg(x)
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Examples of finding integrals

Let’s look at examples of finding integrals, based on the following
scheme:
A) we reduce the integrand of this definite integral to the form
convenient for using tables 2.3 and 2.4;

B) using tables 2.3 and 2.4 we find the indefinite integral. (or some
antiderivative);
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First, let’s demonstrate how, using Table 2.3, knowing the indefinite
integral [ f(x)dz , we can obtain a formula for [ f(az + b)dx .

Ezample 2.2. Let it be required to find
/008(21: —7)dx .
Solution. Note that in table 2.3a (formula 5°) there is a table integral
/cosaﬁdac =sinz+C.

Let’s introduce a new variable u = 2z — 7 , for which we have

du=d(2x —7)=d(2z) +d(-7)=2de+0=2dx = de = —.
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Then the required integral using Table 2.4 (formula 2°) is found as
follows

du 1 1.
/cos(2x—7)dw z/cosu7 = i/cosudu: ismu—FC:

1
= isin(Qx -7 +C.

C
Notice that in the answer, instead of 2 written C' is not a typo. An

arbitrary constant divided in half, still remains an arbitrary constant.
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Check for yourself that you can use a similar method, for example, get
formulas

1 d 1
3 5r+2 5

Next, we note that, despite the impossibility in the general case of
writing the integral in the form of some elementary function, there are
cases when it is fundamentally is always doable.

To such integrals, first of all, include integrals of fractional-rational
functions, that is, functions representable in the form of a fraction,
the numerator and denominator of which are algebraic polynomials, For
example,

/ 22 +4z+3
T .

23 — 322+ 8x —6
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Let us consider two main methods for integrating fractional-rational
functions, in the first of which it is possible to decompose the denominator
into linear factors.

Ezxample 2.3. Let it be required to find

/ (r —4)dx

22 —5r+6

Solution. Since z? — 5x + 6 = (x — 2)(x — 3), then let’s try to represent
the integrand function in the form

r—4 B A N B
22—5x+6 -2 x-—3’

where A and B are some numbers whose values we will find from the
following chain of equalities.

r—4 B A N B B
22—5x+6 -2 x-3

Az —3)—B(x—2) (A+ B)z— (3A+2B)

(x—2)(z-3) 22 —5x+6




Many-Dim ANALYSIS & Integral and series Umnov A.E., Umnov E.A. ThemeO+ 2023/24r 15

Comparing the initial and final links of this chain, it is easy to see that
the values of the numbers A and B (for which these equalities are true for
all z) are solving a system of linear equations

A+ B =1 N A = 2
3A + 2B = 4 B = -1

Now, using tables 2.3 and 2.4, we get

/ (x —4)dx / 2 1
A= — dx =
x? —5xr +6 r—2 -3

o [ W -2 -3+ C=m E o
= /x72_/z73_ nlez—2—Inlz— 3|+ —n|I73|+ .

Note that this algorithm is sometimes called «by the method of
decomposition into simple factorss.
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The following two examples show how to act in case when the
denominator of a fractional rational function fails factorize it linearly.

/ dx
2 +4°

Solution. Using the formula 2° (from table 2.4), we perform the following
transformations of the corresponding indefinite integral

Example 2.4. Find the integral

dx

|8

2

N
NERNG

Now we use the definition of differential and the 4° rule from Table 2.4,

x
considering u = 5"

1 1 T
:2/m 5 :§arctg§+C.
1+<>

The final equality follows from formula 8° of table 2.4.
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Ezxample 2.5. Find

22+x+1
—dx .
2 4+1
Solution. Because the
a:2—|—x—|—1_ n T
x22+1 241’

then applying sequentially formulas 1° and 4° of Table 2.4, we obtain

x2+x+1d B 1 T dr — T dp —
/79524—1 x—/ +7x2+1 x—x+/7x2+1 T =

1 [ d(z?) 1 [d(z?+1) 1,
—otyfmrrmety [ S —e gl Hale e

Here, when using 4°, we assumed u = 22 + 1, whence the equalities for
differentials follow: d(z2 + 1) = d(2?) = 2z dx .
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Ezxample 2.5. Haiitu

22 +zr+1
——dx.
/ 2+ 1
Pewenue. Ilockompky
x2—|—x+1_ n x
24+1 x24+1’

TO IPUMEHSIST TTOC/Ie10BaTEbHO hopMyJibl 1° u 4° Tabymnpt 2.4, mosydnm

/x2+x+1d_/ 14 T dr — / T do —
2 +1 v 241 T=Tt 2 +1 T

1 [ d(z?) 1 [d(z?+1) 1
_ - — S B Sl R —Inl|z?2+1|+C.
x+2/x2+1 x+2/ 2+ 1 7+ glnfe® + 1 +

31ech, TIpH UCTIOMB30BaHAH 4° MBI TIoJaram u = 2 + 1, OTKy/ia CJeiytoT
pasenctia i uddepentmanos: d(x? + 1) = d(z?) = 2x dx .
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/x-cosxdaz.

Solution. To find the indefinite integral we apply rule of integration by
parts, that is, the 3° formula from Table 2.4. We will assume that f(z) =
sinz, and g(z) = . Then the corresponding the indefinite integral can be
transformed as follows.

/x-cosxdx :/x-(sinx)’dx :x-sinx—/(x)'-sinxdx =

Ezxample 2.7. Find

Since (z)' = 1,, using the sixth formula of Table 2.3 we obtain

:x'sinxf/sinxdx =gz-sine — (—cosx)+C =z -sinx +cosz + C .



Many-Dim ANALYSIS & Integral and series Umnov A.E., Umnov E.A. ThemeO+  2023/24r 20

/arctgw dx .

Solution. Let us apply the formula 3° integration by parts, using the
equality (z)' =1,

Ezample 2.8. Find

1
/arctgazdm :/1-arctgxdx :xarctgm—/x-ﬁd:c =
1+2

then - formula 4° of table 2.4, which, taking into account v = 2 gives

_ + 1/ d(ajz) B . 11 (1+ 2)—|—C
= rarctgx 9 1+x2—fL‘angfE 2n xr .
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To conclude the review, we give an example in which it turns out It is
advisable to double use the rule of integration by parts.

/ew sinzdz .

Solution. Applying integration by parts we obtain

Ezample 2.9. Find

/e"”sinxdm = e”(—cos ) —/ew(—cosx) dz |

that is, an expression containing an integral that is no simpler than the
original one. However, repeated integration by parts gives the relation

/ex sinzdr = —e®cosz + e*sinx — /egC sinzdx ,
from which it follows

2-/exsinxdx = —€"cosz+e*sinz+C =

1
= /e“”sina:dx :iem(sinxfcosx)JrC.



