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Derivatives of functions of several variables

There are different types of derivatives for functions of several variables
in R™. One of them is defined as follows.

Let f(z) = f(x1, x2, ..., x, ) is a function depending on several
variables. In it we can replace all its arguments with constants, except for
one with number k.

In this case, f(x) can be considered as a function of a single variable
x. For such function there is the concept of derivative, i.e. new particular
function with values

f x(O)la"'7$(O)k+ta"'ax(0)n _f L)1y -+ 5 L(O)ky - -+ » L(O)n
lim ( ) ( (0) (0) (0) ) .
t—0 t

(3.01)
Here point {I(o)h ce s D)k e x(o)n} belongs to the domain of

definition of function f(x).
It is known that the value of the limit (if it exists) is unique. Therefore,
formula (3.01) can be used as a definition of a new function of n variables.
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This new function is called partial derivative of the function f(x) with
respect to variable xy This name is justified by the fact: subject to n =1
formula (3.01) is the definition of the derivative for the function of single
variable

df

=), (302)

Let us note again: partial derivative of the function f(x) with respect
to variable xj is a new function of n variables. Therefore, to denote partial
derivative it is used not (3.02), but

of

78,’1%7 Ik(l'l,xg, ,ZEn)

It is easy to verify that for the partial derivative are valid all the rules
and theorems, that are true for derivative of a function depending on only
one variable.
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Higher order derivatives
for a function of several variables

Since the partial derivative is itself a function of several variables, then
it is natural to also assume the existence of partial derivatives for it.

In this case, the variable with respect to which the new derivative is
taken may not be x, but another, say x;.

Such derivatives are called mixed partial derivatives and it is customary

to use the notation of the form f7 , or

0 af B 0% f ( )
Ox; \ Oz, | Oxy0x; L1y %20 e ) -

2

If k = j, then the notation is used —5.
Ox;,

Turns out to be fair

0 f q 0*f
——— and ———
Oz 0z, O0x;0xy,
continuous at some point, then they are equal at the
point.

Theorem If partial derivatives are

3.1
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Since the main specific properties of functions of several variables
appear already at n = 2, then to illustrate them we will limit ourselves
only to this case.

Problem  Let f(x,y) = /224 y%2. We need to find all second order
3.1 partial derivatives.

Solution. The domain of definition of this function in R? is the entire
coordinate plane Oxy.
To calculate derivatives, we will use the rules for
differentiating a function of one variable.
Consistently assuming y and = to be constants, we get

of T of Yy

= — and =

or /2% o2 oy /2% + 42
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For the second derivatives we find

62f B y2
8%2 (a’:Z + y2)3
>’f xy 9%f
= = 5o (3.03)
0x0y /(mQ i y2)3 Oyox
aZf B y2
ox2

(22 +42)°

The resulting formulas are not valid throughout the entire
domain of definition functions f(x,y), since the application
of rules of differentiation assumes that all derivatives,
included in the record of these rules exist.

In our example this is true only for 22 +y2 # 0.
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Here we pay attention to the following important detail:
from the fact that the functions in formulas (3.03) are not
defined at the origin, generally speaking, it does not follow
that that the function f(x,y) at this point has no partial
derivatives.

The absence of partial derivatives at the point (0;0) follows
from formula (3.01). Indeed, for z(p) = 0 and y) = 0 we
have

Jeo+ 02+ o? —\eor el |,
lim = lim —
t—0 t t—0 ¢

b

Solution
found. but this limit does not exist.
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Gradient and directional derivative
of functions of several variables

Due to partial derivatives it is possible to more accurately describe and
analyze the properties of functions of several variables.
One of the tools for such analysis is the gradient of function of several

variables.

Let a function of several variables f(x) = f(ml, To, ..., xn) has at
some point z = H T1, T, ..., Tn || of its domain all partial derivatives first
order

of

—(xl,xg,...,xn) Vk=1,n.

3CEk
Definition The gradient at a point = of a function of several
3.1 variables f(x) is a vector in R"™, whose components

(coordinates) are the values of the partial derivatives
of this function calculated at point x.
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The gradient in R™ is usually denoted either in expanded, component-

wise form as
of of of

dxy drs Dz,

)

or symbolically (unexpanded) as gradf(z) or Vf.

Let us find out the geometric meaning of the gradient for n = 2, first
for linear function f(z,y) = Az + By . Recall that the equation

Ax+By=C (3.04)

on the coordinate plane Oxy defines a straight line, which is level line for
the function f(x,y) = Ax + By.

For for this straight line vector HAB H with additional restriction (in
an orthonormal basis) A? 4+ B? # 0 is a normal (orthogonal) vector.
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0 0
The equalities a—f = A and a—f = B are obvious. It follows that
€z Y
the gradient of a linear function is collinear to the normal vector of the

line (3.04).

Returning to the nonlinear case, remember that the equation of the
tangent to the level line f(z,y) = C for the function f(x,y) at the point
Il zo yo || looks like

A(zoyo )(x — x0) + B(20yo )(y —v0) =0,

0 0
where A(xoyo)za—i(xoyo) and B(xoyo):ag(ayoyo).

Whence we conclude that the gradient of a function of two variables is
the normal tangent vector to the level line of this function, calculated at
this point.

Graphically this statement is illustrated in Fig. 1.

| % 7
fy)=C,

SGn=G

gradf(x.y) fay=C

Puc. 1
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Another important quantitative characteristic for a function of several
variables f(x) is directional derivative.

Let 79 be some point in R™ and w, for which |w| = 1, specifies a fixed
direction in R™.

Then the quantity estimating the relative change in the value of the
function f(x) for a small displacement from the point 7o in the direction
w is called the derivative of the function f(z) at point ro in direction w.
Its value gives

Definition f(To +tw> _ f(r(])
3.2 T
t—+0 t

(3.05)

The limit (3.05) is obviously a function of both rg, and w, that is,

0
depending on 2n scalar variables. It is usually denoted ——(xg, w) or

ow
: of
simply 90
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Differentiability of a function of several variables

As before we will consider this concept in the case of R?. Let a function
f(x,y) be given in the neighborhood of the point ||zg yo||. Let’s give

Definition The function f(x,y) is called differentiable at the point
3.3 ||lzo yol|, if there are finite numbers A and B such that

f(x,y) = f(@o,50) + A(z — z0) + By — yo)+

+0 (\/(x—x()f - (y—yo)2> (3.06)

It is important to note:
unlike the case of a function of one variable,
differentiability property and existence of derivatives
in R™ are not equivalent.
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There is

Theorem  For the function f(z,y) to be differentiable at
3.2 the point |xgyo| requires the existence of partial

0 0
derivatives a—f And a—f at this point. In this case
x Y

of of

A= %(Jﬂoyyo) and B = Fy($07yo)~

This condition is not sufficient, which demonstrates

Example Function f(x,y) = 4/|zy| obviously has partial derivatives

3.1 at the origin, since on the coordinate axes the function is
identically equal to zero.
On the other side,

_ \/ 12yl
lim —F——
lzyll—=llool /22 + y2

does not exist by negating the definition of the limit
according to Heine.

Indeed, f(0,0) = 0 and when tending to the origin of
coordinates along the Ox axis numeric sequence of function
values tend to zero. But upon transition to the origin along
line = y this limit is equal to %
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At the same time we have

of

0

Theorem  If at the point ||z yo|| partial derivatives —— and 50
€z Y

3.3 continuous, then the function f(z,y) is differentiable

at this point.

This condition, as the following example shows, is not necessary.

Example Consider the function
3.2
0 at 22 +y%? =0,

flx,y) =

(1'2 + y2) Sin m at 1'2 + y2 7& 0

Its partial derivatives at the origin

9. L
of  of ts1n—2—0
A e l—
Jdxr Oy t—0 t

But they are not continuous functions. For example,

af . 1 2x 1
%:2z31nx2+y27 x2+y2COSx2+y2

is not continuous on y = 0 at x — 0.
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On the other side,

(22 + y?) sin ———
lim Ay
llzyll—lool Vv +y?

due to inequalities

=0

1
2 12\
(x*+y )Sme—i—y?

< Va4 y?

0 <

and theorems about «two policemen». Therefore, the
function in question is differentiable at the origin.
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Partial derivative
of a composit function of several variables

Let the variables z and y be the arguments of the differentiable function
f(x,y). Wherein they are differentiable functions of the new independent
variable ¢ in some neighborhood of the point ty5. We need to find the
derivative of the function ®(t) = f(z(t),y(t)) by variable ¢.

The solution comes down to the following actions.

Let zg = x(to) and yo = y(to)) , and the function f(x,y) is differentiable
at the point ||z yo|| . Then

Af = f(zo+ Az, yo + Ay) — f(xo,y0) =

0 d
= —fA:E + —fAy + o(v/Az? 4+ Ay?)

ox dy
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Further, since z(t) and y(t) are differentiable functions of one variable
at point ¢y, then the equalities will be true

dx dy
Azx = EAt and Ay = EAt'

It gives

afd afd
NI N (3.07)

Af— L
/ Oz dt Oy dt

2 2
d d
because the o (\/AxQ + Ay2) =o| At (;) + (;j) = o(At).

Finally, dividing both sides of equality (3.07) by At and passing to the
limit at At — 0, we obtain the required formula

df Ofde 0fdy

G ordi T oydt (3.08)
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Formula (3.08) is easy to generalize to the case when, for example,
function f depends on n variables:
d " Of dx
@ _ 3 Of do (3.09)

af I~ Of Oxy
S B R
ot ;8xk. a, ™
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In the case, where the function f(z) has partial derivatives with respect
to all its arguments, you can apply the theorem on differentiation of
composite functions to calculate the directional derivative.

Because the z;(t) = zo +t-w; Vj =1,n, then from formula (3.09)
we obtain

8w Z—wk— gradf,w).

Now we can estimate the value of the directional derivative, taking
advantage of Cauchy-Bunyakovsky inequality. We get

| = ‘ gradf, )| < |gradf ||w| = |gradf ]|, (3.10)

since |w| = 1.
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From there follows the assessment

of
~laradf| < - < |gradf |

and the conclusion that the derivative of the function f(z) at the point zg
is maximum in the direction of w, collinear vector gradf(zo).

It can be argued that function f(x) increases fastest in the direction of
the gradient and decreases most rapidly in the opposite direction.

The last statement can be considered as well as another geometric
property of the gradient.



