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DyHKIMSI OJHOI IepeMeHHO

Hamomuaum onpejienienne (OyHKIIMN KaK CIIEITAAJTBHOTO CIIOCODa ormca-
HUS CBSI3U MeXKJIy TePeMEeHHBbIMU BeJTUINHAMU.

Onpedesenue 2.1.  Bynem roBoputh, 910 3a/aHa GYHKUUOHANOHAA 3A6U-
CUMOCMD WITH, TIPOCTO PYHKUUA, €CTTA YKA3AHO TIPa-
BIJIO, 110 KOTOPOMY Ka>KJIOMY YHCJIY I, TPUHAJJIE-
JKAIEeMy YHCJIOBOMY MHOXKECTBY X, IIOCTABJIEHO B
COOTBETCTBUE €AMHCTBEHHOE YUCJIO ¥, IPUHAJIIe-
JKalleMy 9UCJIOBOMY MHOXKECTBY Y .
MuoxkecTBo X HIPUHSITO HA3BIBATH 00.4a4CMbI0 onpedescHus PyHKITNT,
a MHOXKecTBO Y - obaacmvio ee 3naveruti. Camy MYHKIINIO TPUHITO 000-
3HAYATh

y:f(x),a:EX,yEY.

Haxomner, xr - He3aBucuMasi nepeMeHHasi, HA3bIBACTCI GP2YMEHTOM, & Y -
3aBUCUMas IMePEMEHHas!, 3HAYEHUEM PYHKUUY WU, TIPOCTO, PYHKUUEL.
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JocTaTouHo 9acTo PYyHKIINIO 3a1al0T TOJIbKO (POPMYJIOH COOTBETCTBUSI.
B stom caydae npednosazaemcs, 9To0 00OJACTHIO ONPEIE/TICHUs SBJISIETCS
MHOXKECTBO THUCEJI, JIJIsI KOTOPBIX BBIIIOJHUMBI BCE UCIIOJIb30BAHHbBIE B 3aIIN-
¢ 9TOoit POPMYJIBI Ollepalui. 3a 00/1aCTh 3HAYEHH IIPU STOM IPUHIMAETCSI
MHOXKECTBO YHCEeJI, ABJSIONINXCS 3HAUEHUSIMU (DYHKIIUN COOTBETCTBYIOIIIE
8CEM BO3MOMHCHOHIM 3HAUEHUSIM apryMeEHTa.

[IpuBeieM TpuMeEpbI UCIIOJTB30BAHUS ITOTO OIPEJICICHUSI.

1
IIpumep 2.1. 1) y = x + —
x

Obaacmo onpedesenus: odesugaao X : {Vx # 0} wm, 9To TO 2Ke camoe,

{(—oo,O)U(O,+oo)}.

Obaacmsd 3Haverul: ONEHKY o0JIacTu 3HAYEHUIT JTaHHON (DYHKIIUN BBIIOJI-
HUM B jBa 3Tama. CHavasa paccMoTpuM caydait x > 0. st 100X Takux
3HaYEHUI x Oy/IeT CIIpaBej/IMBO HEPABEHCTBO

2
1 1 1 1
Ve——| >0,wm |z —2y/z—+ —| >0,0otkyma =+ — > 2.
NG x

NZ

s caydasg x < 0 omeHKy 00J1acTy 3HAYEHUH MOXKHO IIOJIYIUTh, BOCIIOIb-
30BaBIIINACH PABEHCTBOM

13 KOTOPOIro B CHJIy HEPaBCHCTBA

1
r+ —>2 aaa Becex x> 0
x

nMeemM

1
T+ — < —2 ngaa Bcex x < 0.
x

OxoHYaTe/JIbHO TOJIydaeM, 9T0 00/I1aCThbIO0 3HAUECHU JaHHON (DYHKIUN STB-
nstercss MEHOXKecTBO Y : {(—o0, —2] |J[2, +00)} .
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202 +2x + 1

2 =
)y x? 4 3x + 2
Obaacmsb onpedeserun: HAXOIUTCS U3 YCIOBUSI

x # —2
x %= —1,

IIOCKOJIbKY 3HAMEHATEeJ b JIPo0u He MOXKET IPUHUMATDH HYJIEBBIX 3HAYEHUIA.
Jpyrux orpaHUYeHUI Ha BbIYHUCJIEHUE 3HAUYEHHUIT (PYHKIINU HET, OITOMY

2 +3c4+2#0 < [

00J1aCcTh OIpeiesieHns OyIeT

X {(—oo, -2) | (-2,-1) | (—1,+oo)}.

Obaacmsd 3naveruti: obJIaCTh 3HAYEHUI JaHHOW (DYHKIIUKM MOXKHO HAXO-
JUTh, UCHOJIB3Y4d TOT (DAKT, UYTO ee 00JIaCTh OIpee/eHIus 00pa3yeTcs IIPo-
U3BOJIbHBIME BEIECTBEHHBIMU YucIaMu (3a uckiodenneM —2 u —1.) Pac-

222 + 22 + 1
cMOTpuUM opMyIty y = P 13070
U PEeIIuM €ero, CUnTas ) HEKOTOPBIM (DUKCUPOBAHHBIM mapamerpom. Jls
9TOTO IIpeobpaszyeM JTaHHOE PABEHCTBO K BHUJY, CTAHIAPTHOMY JIjIsi KBaJI-
PaTHLIX YpaBHEHU

KaK ypaBHEHUE C HEU3BECTHON X

(y—2)2* + By —2)xr+(2y —1) =0, (3.1.1)
KOPHHU KOTOPOTO OIpPeJIeITIoTca (popMyIIoit

- (3y—2)+ VD
2(y —2)

yF#2,

T1,2 =

rie auckpumunanT D = (3y —2)? — 4(y — 2)(2y — 1).
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YcioBue cyIecTBOBaHUA BEIECTBEHHBIX 3HAYeHuit x Oyaer D > 0, nn,
B HaIlleM CJIydae,

By —2°—4(y—2)2y—1) =

218y —4>0 yE{(—oo,—2f—4]U[2\/5‘4’+°°>}'

WNuadve ropopst, £ MOKET IPUHUMATH BEIIECTBEHHbIE 3HAYEHUS JIUIIb JII0O
npu y < —2v5 — 4 ~ —8.4, mubo upu y > 25 — 4 ~ 0.4 . CienoBaresb-
HO, 00J1aCcTh 3HAYEHWIT JTAHHON (DYHKIMU 00Pa3yloT YUCIa 1, YIOBJIETBO-
psiforie JinOo IepBOMY, JIU00 BTOPOMY M3 MOJYyUEeHHBIX HEPABEHCTB U HE
paBHBIE 2.

Haxoner 3amernM, 9T0, XOTsI IPUBEIEHHbIE PACCYKICHUS HE IIPHMe-
HUMBI JIUTst y = 2, m60 B 9TOM cirydae ypasaernue (3.1.1) He kBajgpaTHOe, a
JmHeliHOe — Buja 4x + 3 = 0, TeM He MeHee IUCJI0 2 IPUHAIJIEXKUT 00/IaCcTh
3HaYEHUI, ITIOCKOJIBbKY Y 9TOrO JIMHEHHOrO ypaBHEHUsI MMEETCsI BEeIeCTBEH-

3

HO€ pelmeHue r — —Z , ABJIdIOIIEeCCA 3HAYCHUEM apPr'yMEHTa IIPpU KOTOPOM

snadenne pynkmun pasao 2. CreoBaTesbHO,

Y:{(—oo,—2\/_—4] U[2\/3—4,+oo)} .
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B zakiiouenune o0OCyKIeHUsI IIOHSITUS (PYHKIIMOHAJILHONR 3aBUCUMOCTU
OTMETUM, YTO (DYHKIUU HIPUHSITO KJIACCHMUIIMPOBATH MO HAJUUUIO WX
OTCYTCTBYIO Y HeEe CBOHCTBa NepuoduuHocmu U CBONCTBA “EMHOCTIU.

Onpedesenue 2.2. Dyukmuioo y = f(xr) Oyaem HA3BIBATD NEPUOUYEC-

Koti, ecyiu cyrecTByer uncyao 1 % (0 Takoe, ITO s
awooro x € X BemioaHeno £ +7T € X n

fle+T) = f(z)
Yuciao T B 3TOM cCiiydae HA3BIBAETCSI NEPuodom
dymxuma y = f(z).
IIpumep 2.2. K mieproimdecKuM OTHOCSATCS CJICYIONNe (pYHKITUN:

y =sinx ¢ iepuoaoM 1' = 2,

2T
y =cos3xr ¢ nepuogoMm 1 = =

y=tgxw ¢ mepuosioM 1' = .
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Onpedenenue 2.3. Ilycrs X — obnactb onpeaenenus: byukmun y = f(x),
CHUMMETPHUYIHA OTHOCUTETHHO TOUKK = = (), TOT1a 9Ta
dYHKIMST HA3BIBAETCS:

wemnot, ecn Ve € X © f(—x) = f(x),
newemmot, eciim Ve € X : f(—x) = —f(x),

IIpumep 2.3. Kitaccudukarust GyHKIUHE 10 9€THOCTH:

2

y=ux — YeTHas,
y = 23 — HeyeTHad,

y =slnxr  — HedeTHad,

Yy = COosx — 4YerHad,

y =3 — He 4BJIAeTCd HU YeTHOU, HU HEYCTHOI.

CretyeT uMeTh B BU/LY, UTO, XOTsI CYIIECTBYIOT (DYHKIINHU HE OTHOCHATIIU-
ecst HA K YeTHBIM, HU K HEYETHBIM, B CAMMETPUIHOI 00/1aCTU OITpeIe/IeHU
KayKIyI0 UX HUX MOYKHO ITPEJICTABUTh KaK CyMMY HEKOTOPOU 4eTHOI (DYHK-
U U HEKOTOPOM HedeTHO#. /[T 9TOro MOKHO HCITOJIb30BaTh, HAIIPUMED,

dbopmymy

oy = HEEIR) | 1) S

Tak st pysknyun y = 3% pasyiozKeHue B CYMMY Y€THOI U HeYeTHO# Oy1eT
IMeTb BUJI

RN Bt
y= 7 2
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IIpenen dyHkIum n ero cBoiicTBa

PaccmarpuBasi 3Hauenust Hekoropoit dyuknun f(x) B Masoit oKkpect-
HOCTH TOYKHU T = @, B OOJBLIIOM YHUCJIE CIy9aeB MOXKHO 3aMETHUThb, 9YTO TU
3HAYCHNS OKA3LIBAIOTCA TEM OJIMXKe K HEKOTOPOMY YHCIy A, 4eM MeHbIIe
3HAYCHNE T OTIMYACTCA OT a. Ilpm 3Tom Besmumua A MOXKET OTIMYATLCS
or 3HaveHus f(a) u Jaxke CyIecTBOBaTb B TE€X CJydasX, KOIJa TOYKA a4 HE
OpUHAIEXKUT 001acTu onpejesnenus Gyskiun f ().

sinx
[Tpumepom mMoxkeT ciyKuTh dyukius f(zr) = , KOTOpasi HE NUMEET

HUKAKOI'o 3HaueHus B Touke r = (), HO ompe/iesieHa B J1000ii ee OKpEeCTHOCTH
1 3HAYEHHEe KOTOPOIl TeM MEHBINE OTJIMYAETCS OT €IUHUIILI, IeM MeHbIIe
abCcoJIIoTHAS BEJIUIUHA T .

Ecmu Ttakoe umcio A cyimecTByeT, ero Ha3bIBAIOT Npedesom GyHKuuU
f(x) npu x cmpemawemcs x a, m JaHHBIH HAKT CHMBOJIMIECKH 0003HAYA~
0T KakK

lim f(z) = A.

Tr—a
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[IpuBeneMm Temnephb cTporue onpeae/ieHus MOHATHS TIpejiesia (PYHKITUN.

Onpedesenue 2.4. Yucno A naspiBaercs npedeaom Ppynryuu f(r) npu
CMPEMAULEMCA K @, €CITH O0AA A1060T TUCTOBON I10-

crenoBarenbHocT {T,} Takoit, uro lim x, = a
n—oo

U T, # a, 9ucjoBas nociaenoBareabHocTh {f(x,)}
crodumcs K A, TO eCTb BBIIOJHSAETCA PABEHCTBO

lim f(z,) = A.

n— oo
B cumBosmdeckoit ¢opme 3TO ompejesieHHe MOXKHO 3alucaTh TakK:

9];1_1;% f(x) = A, ecm V{x,} —rac {f(xn)} — A.

nJjim 2Ke

Onpedenenue 2.5. Yuciao A maswiBaercs npedesom gynrkyuu f(x) npu x
CMPEMAWEMCA K G, €CITA 0AA A100020 € > () HafimeTcs
qncyo . > 0 Takoe, UTO JJIsI 8CEx X YIOBJIETBOPSI-
formux HepaBeHCTBY 0 < |r —a| < . cupaseuBo

| f(x) — Al <&,

YTO CUMBOJIMYECKH 3aIMCHIBACTCS TAK:
Ve>0 36 >0: Vx:0<|z—a|<d: — |flz)—A|l<e.

Omnpenenenne 2.4 IPUHITO HA3BIBATH onpedeseruem npedeaa Gynxuuu
no letine, a omupeneyienne 2.5 — onpedesernuem no Kowu. Mmeer mecto
TeopeMa, YTBEPKIAONIAs IKEUBAAEHMHOCTIL STUX OIpPeIeIeHNUIA.
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Bazkuyio posib Tak:Ke UT'PAIOT ompuuyaHus oupeaeaeruit 2.4 u 2.5.

Ompuuanue 2.1.  Yuciao A e sBisiercst npedesom dynrxuyuu f(x) npu
T CMPEMAULEMCA K G, €CTU HAT0Emcs INCI0Bas M0~

crenoBareibHOCTh {7} Takas, yro lim z} = a u
n— 00

* *
x} # a, a anciaoBas nocsemoBareabHOCTh {f (7))}
ne crodumcs K A, TO €CTh BBINOJHIETCS yCIOBUE

lim f(z}) # A.
n— oo
B cuMmBosmmdeckoit gopme 3TO ompeieeHme MOXKHO 3alicaTh TakK:
lim f(z) # A, ecm Hz}} — a : lim f(x}) # A.
Tr—a n— o0 n— 00
AHAJIOTUIHO CTPOUTCH U

Ompuyanue 2.2. Yucno A e siBisiercs npedeaom pymuryuy f(x) npu x
cmpemauemcsa K a, ecau Hatidemes €9 > 0 Takoe,
qTo JJ1s aoboro & > 0 cywecmeyem xy yAOBIETBO-
psiforiiee yeiaosuio 0 < |zg — al < §, mpu KOTOpOM
| f(zo) — Al > e,

9TO CUMBOJIMYECKU 3allChIBaCTCA TaK:
deg >0 Vo >0: E|x0:0<|x0—a|<5 — |f($0)—A|ZE().

st Toro, 9TOOBI YCTAaHOBUTH, UTO TIpeiea dyHknun f(x) nupu x crpe-
MAIMIEMCS K @ He CYIIECTBYET, JOCTATOYHO HANTH OJHY MOCJIEI0BATEb-
HOCTH lim z} = a gy koropoit lim f(x)) He cymecTByer.

n— o0 n— 00
: .

N ke TOCTPOUTH JIBE CXOJIATIAECS TIOCJIEOBATETHHOCTH nh_)rlgo Ty =a

u lim y = a takue, uro lim f(z}) # lim f(y)).
n— 00 n— 00 n— o0
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B BbraucsmTebHON IpaKTUKe HEPEJIKO BCTPEYAIOTCS CJIydan, KOrJa
[IpeJe/bHBIA Iepexo] K TOYKE ( BBIIOJIHSIETCS TOJLBKO B €€ Ae601 WIn
TOJIBKO B Npa6oti OJIyOKpecTHOCTH. Takue mpesesbl Ha3bIBAIOT 00HOCMO-
pornumu. IlepBolii cirydail npuasaTo 0603HaYaTh Kak T — a — 0, a BTOpoii
caydait —xr — a + 0.

Kpome Toro, eciiu 3nadenne pyHKIUN IPU IPEJIETHHOM IIEPEX0/ie 0CTa-
ercsi 6osibiie A (cmpemaenue c6epry), To BEJININHA TIpeiesia 0003HaAIaeTCst
kak A + 0, a, eciit menbie A (cmpemaenue crusy), To kKak A — 0.

Haxoner, ormeTnm, 4TO oIpeaeeHus Ipeaesia MPUMEHNMbBI He TOJIBKO
KOTJIa, @ 0003HAYAET HEKOTOPOE KOHEYHOE YMCJIO, HO U MOI'YT ObITH MOJIN-
buIMpoOBaHbI JJIsI CIYIaeB, B KOTOPBIX @ SIBJASIETCS OJHUM M3 CJIEIYIOIINX
TPEX CUMBOJIOB 00 , +00 MM —o0 . TakyKe BO3MOXKHBI BAPUAHTHI, KOIJIa,
A He sdBJIIeTCsT KOHEUHBIM YHCJIOM, a IPUHUMAET OJIHO U3 CUMBOJIUIECKUX
3HAQYEHUN OO , +00 U —O0 .
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B cnenyromeit Tabauie npuBeaeHbl TpUMePbl O003HAYEHUN PA3TIMIHBIX
BHUJIOB IIPEJIEJILHBIX IIEPEX0I0B 1 X (POPMYINPOBOK B KBaHTOpax 1m0 Kormrmn.

Ob6o3uagenne DopMyIUPOBKA,

mli)g&()f(x)z? Ve>036.>0: Vo: 0<zx—3<6. —|f(zx)—T7|<c¢

mli}rfoof(x):5—0 Ve>030.>0: Vx: x>0 — —e<f(x)—5<0

mli}an_of(x):—oo Ve>030.>0: Vo: =0 <x—4<0 — f(z)<—¢

aljl_)lef(aZ)?é—l Jep >0V >0: Fxg: 0< |zg—2| <d — | f(zo)+1]| > &0
lim f(z) # oo Jep >0V0>0: Fxg: 2o < -0 — |f(xo)] <eo

T—r— 00
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[ToxuepkueMm: npeaes pYHKIMHA IPU T CTPEMSIIEMCS K @ SIBJISETCS A0-
KaAbHOU IUCTIOBON XapaKTepUCTUKOM GyHKIMN (Tak ke, Kak n f(a) — ee
3HAYEHUE), TO €CTh OTHOCSIIIENCS K TOYKE a.

s ojiHOM M TOM »Ke TOYKM 3HadeHue (PYHKIUU U BeJMYUHA €€ IIpe-
Jiesia, PaBHO KaK U MX CYIIEeCTBOBaHNE, HE3aBHCHUMBL APy OT JApyTra: OHU
MOT'YT CYIIECTBOBATH OJHOBPEMEHHO M OBITh PABHLIMU MJIA HE PABHBIMU
JIPYT APYry, I TaKKe MOLYT He CyIIeCTBOBaTh, KAK BMECTE, TaK U II0 OT-
nesibHOCTHU. TTosSICHUM 3TO ClIeyIonuMy IPUMEPAMMU.
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) 2x
IIpumep 2.4. Haiitu, ucrosb3ys onpeaesaenue 2.4, lim .
z—3 12 +1
BosbMeM Mpoun3BOJIBHYIO YUCIOBYIO MOCTEI0BATETLHOCTD { Xy, } TaKyIoO,
gro lim z, = 3, Torma n-it wien mociemoarenbroctu {f(x,)} Oymer
n— 00
2x,,
HMETh BUJ — .y Haiiem ee mpejiest, moab3ysich N3BECTHBIMU HaM CBOIi-
xn
CTBaMH¥ IIPEJIEJIOB YHMCJIOBBIX MTOCJIEI0BATETbHOCTENA.
2 lim 2z,
lim f(z,)= lim — " o 5 =
n—o0 n—oox2 +1  lim (x,)?2+1
n— 00
2. lim x
n— oo " — 2 ’ 3 — §
(lim z,)-(lim z,)+1 3-34+1 5
n— 00 n— 00
2x
Herpynuo sameruts, uro dynkmus f(z) = — 1 orpesiesieHa (IMeeT
x
3HAYEHne) Jisd JIF000r0 KOHEYHOTO X, B TOM dmcie u i © = 3. B pac-
2-3 3
cMarpuBaeMoM caydae f(3) = Tl B TO €CTh 3HavYeHne (PYHKIUN U

ee IpeJiesl B TOYKe & = 3 COBIAIAIOT.

13
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OiHaKo, ecim pacCMOTPEeTh IMOBeJIeHNE ITOM Ke (PYHKIUU IIPpU T CTpe-
MSATITUMCS K 00, TO MbI TTOJIyIUM WHOM cayvait. C oaHOIi CTOPOHBI, (DYyHKITHS

2x
f(x) = ——— He ompejesieHa, TO eCTh He UMEET HUKAKOTO 3HAYEHUS TPU
x2+1 ’
x = oo. Ho, ¢ apyroii croposnsl, mias lim x,, = oo,
n— o0
. . 2%y .1 2
lim f(z,)= lim = lim — ——=
n—o00 n—oo T2 +1 n—oo I 1
n n 1
3,
R S 2
= lim —- lim —=0-2=0.
n—oo I, nN—00 1
I+ —
xn

Urak, sTta pyHKIUA Opu £ —> 00 HMeeT Mpejes, paBHbIl 0, TO ecTb
f(x) — 0, HO He MMeeT HUKAKOTO 3HAYEHUS IPU T = OO.

14
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IIpumep 2.5. PaccmoTpum (pyHKIINIO, HA3BIBAEMYIO CU2HAMYPOT YUCAG,
0oO03HaYaeMyI0 KaK y = SgN T U omupeaersieMyio popMy-
noit (cMm. puc.1)

1, ecmm z > 0,
sgnT = 0, ecmmzx =0,
—1, ecmu x < 0.

Puc. 1. I'pacduk dbysukmum y = sgn x

15
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Ota dyHkus npu r = 0 uMeeT HyJeBoe 3HaYeHUe, TO ecThb sgn = 0,
omHako Ipesies lim sgnx He cymiecTByeT. /lelicTBUTEIHHO, BO3bMEM JIBE
z—0

1 1
YHUCJIOBBIE TIOCIEI0BATEIBHOCTH C L,, = — U Y, = ——. OHH 00e mMerT
n n

csouM npepesiom uncso 0. Ho, mo ompeiesieHnio CurHaTyphbl,

1

16

lim sgnx,, = lim sgn{ —| =1 wu lim sgny, = lim sgn| —— | = —1,

n— oo n— 00 n n— 00 n— 00 n

a 3TO MPOTUBOPEUUT OIpeaeseHnio 2.4, MOCKOJIbKY 3HadeHHne IIpeie-
JIa SgN X, MdOJIXKHO OBITH 00UHAKOBLIM OAA GCET IIOCJIeI0BATEIbHOCTEI

n— 00
Haxkomner, BO3MOXXHO, 9TO y (DYHKIIUA B HEKOTOPO#l TOYKE €CTh HEpPaB-

HBIE JIPYT JPYTY, KaK 3HaUYeHne, TaK U mmpeaea. [[pumepoM MoOXKeT CITyKHUTH
dbyurIMS y = |sgn x|, 3HaTEHME KOTOPOIT B HyJe ecTh (0, a ipees pasex 1.
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Tak>ke BO3MOXKEH cJIydail, Korjaa y (pyHKIIUH B HEKOTOPOW TOYKE HET
3HAUYCHUS W HE CYIIECTBYeT mpejesi. Vcnonb3ysa oTpuiianue ormpeieeHus

npejsiesna GyHkiun 1o Leiine, yoeumMcst, YTO TaKas CUTYaIldsI IMEET MECTO

1
naa f(x) =sin— mpu x = 0.
T

HeitcrBurenbHo, paccMoTpuM JBe mocaenoBaresbroctn {x, } u {y,}, y
KOTOPBIX

1 1
Tp = —— u Yp = ————— n € N.
2mn s 5
—+2mn
2
O6e 3T mocjie0BaTEILHOCTH OECKOHEYHO MaJible W JIjIsi HUX BEPHBI IIpe-
nenbHble paeHcrBa lim f(z,) = 0 mw lim f(y,) = 1. 3naunr, 1o
n— o0 n—oo

OTPUIIAHWIO OTpeJiesieHnst peena o leitne lim f(x) e cymecTByer.
x—0
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CsoiicTBa 1peesioB (hYHKIHMI aHAJTOIMIHBI CBOHCTBAM IIPEJIEsOB II0-
crenoBaTesibHOCTel. [IpuBeseM ocHOBHBIE M3 HUX, IIPEJNOJATras, 9TO, UC-
IIoJIb3yeMble B (DOPMYJIUPOBKAX, IIPEJIEIbl CYIIECTBYIOT.

1°.
2°.

3°.

4°.

5°.

lim (f(2) % g(x)) = lim f(z) £ lim g(z)

lim (C'- f(x)) = C - lim f(x)

r—ra
lim (f(z) - g(x)) = lim f(z) - lim g(z) .
. . z) lim f(z)
Ecnu, kpome Toro lim g(z) # 0, To lim = = :
r—a r—a g(x) 11_I>Il g(x)

AmnaJjtor TeopeMbl ‘0 ABYX MIJTHIIHOHEPAX : €CJIN I BCEX &, IPUHAI-
JIEXKAIIX HEKOTOPOH OKPECTHOCTH TOYKHU a, Bepuo f(x) > h(x) >

g(z) m li_r)n flx) = li_r)n g(x) = A, o lim h(x) = A.

Tr—a

18
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[Tpumenenne onpeenennii npeesa GyHkimm 2.4 n 2.5 (TakXKe Kak 1 B
CJTyvae 9IHMCIOBBIX TOC/IEI0OBATEIBHOCTE) 3aTPYIHEHO T€M, B HUX HUCIOJIb-
3yercs 3HavdeHne npegesna A.

DTOro HeJIOCTATKA JIMIIIEHO HEOOXOIWMOE U OJHOBPEMEHHO JIOCTATOY-
HOE YCJIOBHE CYIIIECTBOBAHUS KOHEYHOTO Mpejiesia (PyHKINU, HAa3bIBAEMOE
kpumepuem Kowu n bopMyIupyeMoro B BHUJIE CJIEIYIONIEHl TeOpEeMBI.

Kpumeputi Kowu. s Toro, atobbl dyaknus f(r) nMesa B TOUKE a
KOHEYHBI IIpeies1, HeOOXOIUMO U JOCTATOYHO, ITO-
OBbI JIJIsI JIF0OOTO MOJIOYXKHUTEILHOIO £ CYIIECTBOBAJIO
MTOJIOXKUTETHHOE UHUCJI0 0 TAKOE, UTO JIJIsI JIFOOBIX
1 € (a—0s,a+0:) u x3 € (@ —dz,a + ), BBIIOT-
Hs1I0Ch HepaBeHCTBO | f(x1) — f(zo) | < €.

B kxBanTOpax kpurepuii Kommu nmeer ¢popmyanpoBKy
Ve>0d6. >0:Va; € (a—dsya+d:)uxy € (a—0de,a+6:) —>

— | f(z1) — f(z2) | <e.

CooTBeTCTBeHHO, oTpullanue Kpurepus Kommu, T.e. KpuTepuii ciydas,
korja Qyukiwsa F(xr) He mMeeT KOHEYHOTO Mpejiesia B TOYKE d, MOYKET
dopMyInpPOBaTHCS TaK:

Jep >0V >0:dxp€(a—0d,a+d0)uxy € (a—d6,a+6) —>

— | f(z10) — f(z20) | > €0

19
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IIpumep 2.6. 1lpu momornu oTrpunianusi Kpurepus Komm mokasaTb, UTO

1
Yy = S1nn — HE mMeEeT KOHEYHOI'O IIpeejia B TOIYKE & = 0.
Wi

eiicTBUTEIBHO,
1
deg=1V0>0:upu k> |—| +1
2o
= = 9,0 = ! 0,0
$1o—ﬂ€(—») H xzo—ﬁ—é(—,) —
— 4+ 27k

2
— | f(z20) — f(z10) | =1 —-0]=1=¢p.
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[TousiTue npenena YHKIIUH MOXKET ObITh MCIIOJIB30BAHO JIJIsI IIOCTPOe-
HUSsI, TIOJIE3HBIX B BBIYNCINTEIbHBIX IIPOIEIYPaxX, allllPOKCUMAIIIIT 316 MEH-
TapHBIX (DYHKITUIA.

Hampumep, eciu Hac WHTEpPeCyOT CBOWCTBa HCCJIeIyeMoil (hyHKIMN
JIMIIb B MaJoii OKPECTHOCTH HEKOTOPOIl TOYKU, TO YIOOHBIM MHCTPYMEH-
TOM aIIPOKCAMAIINN SIBJISIETCS CHeuaabHas QYHKIWA o(r), Ha3bIBaeMast
«O-MaJION».

Onpedenenue 2.6. @yukius o(x) onpeseieHa B HEKOTOPO OKPECTHOCTH

Toukn ¢ = (0 U [JIsI Hee CIPaBEIINBO PABEHCTBO
. o(x)

lim =0.

x—0 2

BamernM, YTO KOHKPETHBI BT (DYHKINE 0() 0CO0OI PO HEe UTPATOT.
Huzke mpuBesieHbI IpUMepBI TIOCTPOEHUST € MTOMOIIBIO 0(X) alIpOKCH-
Malluii HEKOTOPBIX dJIEMEHTAPHBIX (DYHKITUIA.

(1+z)" = 14+rz+o(zx),
e = 14+x+o(x),
sinz = 1+x+o(z?),
cosz = 1— 32?4 o0(z?),
tgx = x4+ o(x?),
In(l+z) = z+o(z),
2

).

arcsinx = x4+ o(x
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Onpedesenue 2.7. Dyurnus f(r) HA3BIBAETCI IKEUBANEHMHOU B TOUKE

f(x)

— | = 1. DkBusBa-
9(x)

JIEHTHOCTH MPUHSATO 0603HaUaTh Tak: f(x) ~ g(x).

xro dysrImE g(x), ecim  lim
T—rTQ

O dysrnun f(z) rosopsr, uro ona ecrb O(g(x)) B
TOYKE T, €CIM CyIecTByeT unuciao > 0 Takoe, 9To

f(x)
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st sxBuBaslenTHOCTH QyHKIWME f(r) n g(x), HATpUMep, B TOUKE I
HEOOXO/IMMO U JIOCTATOYHO, 9T00b! f(z) = g(x) + o(x) pu  — xp.

[Ipu BBIYMCIEHUN TIPEJIEJIOB SKBUBAJCHTHBIE (PYHKIIUM MOYXKHO 3aMe-
HATH OAHY Ha JPYI'YIO.

Hakomner, mis pernrennst 3a1a9 MOJE3HBIMU OKa3bIBAIOTCA TaK Ha3bIBa-
eMble «3aMedaTesbHbIE IIPeIeably (hyHKITHH:

sin x
=1.

1) Ilepeuiii 3amMedaTe IbHBIH IPeIet: lir%
r—r €T

2) Bmopoti 3aMevaTebHbIi IpeIet:
x

1
lim (1+—-| =e wm lim(l—l—x)gze.
xr—>00 x x—0
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Haxoxxapenmne npeneioB pyHKITHIA.
PackpbiTue HeonpeaejieHHOCTeEMN

Kak u s 3a1a9n HaXOXKIEHUsI IIpeIesia INCJIOBO TOCIe0BATE /b
HOCTH, IIPHU IIONCKeE ITpeJiesioB MYHKINN coueTaHne NCIIOIb30BaHUsT CBOMCTB
IIpeJiesIoB 1 Habopa ‘3aMevaTe/IbHBIX IPeIeoB  TTO3BOJIAET B Psijie CIydacB
BBITTOJTHATD “PacKPBITHE HEOTPEIeJICHHOCTEH , OCHOBHBIE M3 KOTOPBIX:

14 29 [T (44 79 (44 29 L1 00”
0-00” , = — 0o — 00, 1 .
0 00
IIpomeMoHCcTpUpPYEM COOTBETCTBYIOIINE IIPUEMbI Ha CJIELYOIINX
IIpuMepax.

x2—3r+2

Ipumep 2.7. Haittu i1_>m2 R

B »Toit 3a1a11e HeoOXOINMO PaCKPBITH HEOTIPEICTIEHHOCTD BUJIA “6”.

Coxt=3x+2 (x —1)(z —2) , r—1 1
lim ————— = lim = lm - =
z—2 13 —8 22 (x —2)(22 +2x+4) zo222+2x+4 12

24
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) 322 42
IIpumep 2.8 Haiitm lim ———.

00
31ech nMeeT MEeCTO HeOIpeIeJIeHHOCTh Buaa ©— .
00

2
322 +2 3?+2 3T 5 3
eovoo (20 + 1)2  wmoodz? 4 dw 1 amoo 4 1 4
4+E+ﬁ

IIpumep 2.9. Hajitu  lim (\/ x2 + 3x — x) :

T— 400
Twum Heompe e/ IEHHOCTH B 9TOM IpUMepe — ‘oo — oo”.

A/ 2+3 _
lim (\/3:2+333—:1:): lim * Tt

z— 400 T—+00 1

(Vz? + 3z — z)(V2? + 3z + z)

T—+00 (Va2 + 3z + x)
) % + 3z — 22 ) 3x
= lim = lim =

z—=too (2 +3r4+x) *=+0 (Va2 4 3x+ 1)

00

Terepb MBI IMEEM JIeJIO ¢ HEOTIPEJIeJICHHOCTBIO BUIa “ — — pas3JIe UM YHC-
00

JINTEJIb U 3HAMEHATeb Ha T :

= lim = —.
T—~+o00 2
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B psime ciygaeB ij1si MCIIOJIB30BaHUsI 3HAYEHHUH ‘3aMedaTeIbHbBIX’
IIPeJIe/IOB OKa3bIBAETCsI 11€J1eCO00Pa3HBIM BBIIIOJHUTH 3aMEHY ITepeMeHHOM
BEJIMINHBI.

. sindzx
IIpumep 2.10. Haiitun lim ——.
x—0 X

111 pacKpbITHS HEOIIpeaeIeHHOCTA BUIa =’ B 9TOi 3a1a4e yaI00HO

BBECTH HOBYIO IIEpEMEHHYIO t = Hx, KOTOpas OyIeT 0UeBUIHO CTPEMHUTHCS
K HYJI0, KOIJIa © cTpeMuTcd K Hyso. [lostoMmy, B cuity mepBoro ‘“3ameda-
TeJILHOIO” IIpejiesia

. sindx . sint ) sint . sint
lim ——— = lim = lim 5 - =5-1lim =5-1=5.
z—0 T t—0 t t—0 t t—0 ¢

5
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T—00 T

3 xr
IIpumep 2.11. Haiitu lim <1 — —) :

JlaHHas 3a1a4a IPUBOJUT K HEOOXOINMOCTHU PACKPBITUS HEOIpeie-

x
JeaHoCcTH TUMa “1°°”. BHITOTHUM 3aMeHy ePEMEHHOMN, TTOJIOKUB t = —— =

3

x = —3t. I[loacraiss, momydaem

x —3t t
. 3 . 1 . 1
lim (1 — — = lim |1+ — = lim 1+ - =
T—00 T t— 00 t t—00 t

27
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HenpeppiBHOCT, (DYHKIIUM B TOUYKE W Ha MHOXKECTBeE.
Kaaccudukanmus Touek pa3pbiBa

Onpedenenue 2.8. Dyuxnus f(x) HA3BIBAETCS HENPEPLIGHOT 6 MOUKE 06-
AGCTMYU Onpedeerus T = a, eCu

lim f(x) = f(a).

lim £(z) = f(a)

Ecim 310 yCi0BHEe He BBLIIOJHEHO, TO TOBOPST, YTO
dbyuknus f(zr) umeer paspwuis 6 mowke r = a.

Ecnu dyukmus f(x) HenmpepblBHA B TOYKE T = @, TO JJIs JIIOOOH dwc-
JIOBOH IIOCJIEIOBATEILHOCTH Ty, — (, BEPHO PABEHCTBO

i ) = S 20) = £
a, 3HaquT, ecan f(x) HenpepbiBHA U B Touke * = ¢(a), rae g(x) mpyras
HEIIpEpBIBHAA B TOUKE T = @ (PYHKIMS, TO

lim f(9(x)) = f(lim g(z)) = f(g(a). (2.1)

Tr—a Tr—a

Onpedesenue 2.9. @yuxnus f(r) HA3BIBACTCI HENPEPLIEHOT HA HEKOMO-
POM UUCAOB0M MHOIHCECTNEE, €CII OHA HETIIPEPHIBHA B
Kkaotcdotll ToUKe 3TOro Muoxkecrna. Oyuknus f(x) Ha-
3BIBAETCS PA3PLEHOT HA HEKOTOPOM YUCAOBOM MHO-
orcecmee, el OHa He He fABJISETCs HeIIPEPBIBHON X0-
msa 6v 6 00HOT U3 TOYEK ITOI'O MHOXKECTBA.
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IIpumep 2.12.  @Dyuknus f(x) = sinz wempepwiBHa Ha X : (—00,+00),
1
a dyuknus f(r) = — HenpepbiBHa Kak Ha X : (—00,0),
x
tak m Ha X : (0,+00), HO paspeiBHa Ha X
((—00, +00)).

Onpedenenue 2.10. Tosopsr, uro dyurms f(x) nmeer yempanumvii pas-

pouie B TOUuKe * = a, ecam lim f(x) cymectByer, HO
r—ra

lim f(x) # f(a). Ecou ke lim f(z) me cymecrsyer,
T—a x—a

KOI'JIa, TOYKA & = @ IPUHAJIEIKAT O0JIACTU OIIpeIe-
nenusi ysrnun f(x), TO TOYKA T = G HA3BIBACTCS
neyemparumots moukol paspwea dyuxknun f(x).

IIpumep 2.11. UcciiemoBaTh Ha HEIIPEPHIBHOCTD U BBIIIOJIHATH KJIACCU(U-
KaIIio ee TOYeK pa3pbiBa PYHKIHIL:

1) y=sgnzx.

VY nmanmnoit pyHKimyn Touka paspbeiBa x = 0 HeycTpaHUMasl, TaK KaK
mpesiesl B 9TOI TOUKe He cylecTByer (cM. puc. 1).
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2) y=|sgnz.

s sToit pyuknmm Touka paspbiBa x = 0 ycTpaHuMasi, TaK KakK
npegea B 3TOW TOUYKE CyIIECTBYET, lin% |sgnx| = 1, HO He paBeH
r—r

sHadennto yarmum: |sgn0| =0 # 1.

3)
sinx
y = ) ey # 0,
a , ecmx=0.
Jannass ¢yHKIUS HempepbiBHA Vx, ecium ¢ = 1 , IIOCKOJIBKY

. sinzx
lim
x—0 x

= 1 mw mmeer B x = 0 ycTpaHUMYyIO TOUKY paspbiBa Va # 1 .
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4)
sin(z — 1)
22 —3x+2

Or1a yHKINUST UMeeT B & = 1 yCcTpaHHMYIO TOYKY pa3pbiBa, a B
T = 2 — HEyCTPaAHUMYIO.

y:

IeiicTBUTEIBHO, €CJid IIpeoOpa30oBaTh 3allUCh JAHHON (PYHKIHU K

sin(z—1) 1 .
BUJLY Y = T X TO Ajig * = 1, B cuIy “1IepBOro 3aMe-
T — T —
TaTCILIOTO MPCACTa”, CyIecTBYEeT Ipee
. osin(z—1) 1 . osin(z—1) 1 1
lim : = lim —— - lim =1-—=-1,
z—1 x—1 r—2 2x2—=1 x-—1 r—1x — 2 —1
. sin(x — 1) )
B TO BpeMsi KaK B TOUke T = 2, XoTd lim —— = = sin 1, HO
r—2 x—1
_ 1
hm2 — He CYIIEeCTBYeT, U Mbl UMeeM Pa3pbIB HEYCTPAHUMOTO
r—2 I —

THUIIA.
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Hcrnosb30Banme CBOMCTBA HEIIPEPBIBHOCTH BO MHOIHMX CJIydasiX IIO3BO-
JISeT YIIPOCTUTDH IIPOIEAYPY PACKPBITUS HEOIPEIETEeHHOCTEH IPU HAXOXK-
JIEHUN TIpeIesIoB (DYHKITHIA.

3 . In(1+2x)
IIpumep 2.13. Hajitun lim ——.

x—0 x

[

Jannag 3aja9a TPUBOJIAT K HEOIPEICJICHHOCTH THIIA, * 6”. Iiist ee pac-

KPbITHA BBIIIOJIHUM, IIPHUHAB BO BHUMaHKWE HEIIPEPLIBHOCTDL JIOI‘apI/I(l)MI/I‘Ie-

CKOiT (DYHKIIUK U «BTOPO 3aMevdaTe/IbHBIN IIpees», CaeayIoNnme Ipeodpa-
30BaHUA

1 1
In(1+ — —
lim u:lim In(l+z)z | =ln|lim(l1+x)z | =lne=1.

x—0 x x—0 x—0
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CgoiicTBa pyHKIIUI, HENMPEPBIBHBIX HA OTPE3Ke

Ecim dyuknus f(x) HenpepbIBHA B KayKJ0i BHYTPEHHE TOUKE OTPE3Ka
[a,b] n 3HAYEHWST HA KOHIAX OTPE3Ka, COBIAJIAIOIINE C OJHOCTOPOHHUMUI
pejeaaMu, TO

1) f(z) orpannvena Ha [a, b].

2) CymecrByior z1 € [a,b] u x2 € [a, b] Takue, aTO

flxr) = sup f(x)  f(z2)= inf f(x).

x€la,b] z€la,b]

3) Ilycrs f(a) = Au f(b) = B. Torma VC € [A, B]3c € [a, b] Taxoe,
aro f(c) = C.

4) Ecan dyuknus f(x) crporo MoHOTOHHA Ha [a,b], TO oHA MMeeT
oOpaTHyI0 (DYHKIUIO, U IIPUTOM TaK>Ke CTPOTO0 MOHOTOHHYIO.

3amMeTuM, YTO 3TU CBOHCTBAa MOTYT HE BBINOJHATHCH JJIA (DYHKIIHI

1
HepepbIBHBIX Ha mHTepBasie. Hampumep, f(x) = — HempepbIBHA Ha WH-
T

repsajie (0, 1), HO OHA HEOTpAHUYIEHA HA ITOM HHTEPBAJIE.

DyHKIWs, ONpeJesicHHAsd Ha OTPe3Ke M HMMEIMas COOTBETCTBYIOIIEe
MHOKECTBO 3HAYCHUII B BHJIC OTPE3Ka, MOXKET He ObITh HEeNpepbIBHOI. Ta-
KOBa, HaIIpuMep,

22 npu z € [—1,0],
f(x)_{x—l—l mpu z € (0,1].



