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COMPLETENESS OF SYSTEMS OF FUNCTIONS.

Below we will use the following definitions and theoretical facts.

In any finite-dimensional linear space, all norms are equivalent (in terms of convergence). In

infinite-dimensional spaces this may not hold.

Linear space of continuous on (%81 functions /)  with the

f =max f(x)
CLab] xefab] we will denote it as CL{a,b] or Cla,b ].

Linear space of continuous on [@.6]  functions /) with the

b
S g =] @) dx
a we will denote it as CL[a,b] .

Linear space of continuous on (%81 functions /)  with the

b
[ cpan = /7 (dx
a we will denote it as CL,[a,b] .

In this case, there are useful estimates:

f CL,[a,b]S(b_a) f CLa,b] f CL:[a,b]S b—a f CLiab]

And
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It can be shown that from norm convergence CLleb] (as they sometimes say, convergence in

mean square) does not follow norm convergence CLlab) (uniform convergence), and from

norm convergence Chlab

square.

I (convergence on average) does not imply convergence in the mean

Definition. Counting system of elements {80, g, ()0 g, ()0 3 in linear normed
space L called full, If

k
Vi(x)eL Ve>0 — 3JkeN JFA,4,,0 4, eR: f—z/ljgj <g.
J=1

Note that negation this definition looks like:

If,(x)el FJg, >0 —> VkeN V4,40 4 eR:
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Fair Weierstrass' theorem:

{1, X, xz,N ,x",N } fullln C[a,b]

1°.  Function system on any segment [a.b] .

20 Function system {1, cosx, sinx, cos2x, sin2x, ,l , cosnx, sinnx, { } is

complete in the space of continuous on [=7.7% ] functions for which f=m)=f(m) .

Complete systems can be used to approximate functions of a suitable class by finite polynomials
with any predetermined accuracy.
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Let's look at some examples studies of systems of functions for completeness (that is, evidence of
the presence or absence of this property).

Example 01. The system of odd Legendre polynomials, supplemented by a function
equal to identically 1, is complete in the space of continuous functions on the

interval [0,1].

Solution: I like continuous L% function /) can be represented in the form
F() = (0)+9(x), Whepe 9(0)=0.

Function (p(x)’ and hence the function /) ~/(0) can be continued in an odd

way to [=LI]- Means 3o such that

F)-£0)1-Y o Py (x) <e
P on =111

3 2k-1
whence the completeness of the system follows ox,xn 0 on [01]-
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Example 02. The system of sines of odd multiple arcs is incomplete in the space of

continuous functions on the interval [0.1].

x[0,1]

max 1-Y 2, sin(2j-Dx 21,
j=1

Solution: It follows from the assessment: because
there is a continuous J () =1 Vxe[0,]]
>4, sin(2j - 1)x

/=l equalto 0 at X =0

, and any function of the form
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Problem 03.

Solution.

2)

1)

2 4 6 2n
Show that the system of functions (x,xn,xlxE

1) not complete Cl-1.2],

2) full in €T1:21-

n—1
P (x)= Zakx””z.
Let k=0

C[-1,2]

In abundance available function o)=L, for which

exists point X, =0 such that
max fo(x)=P,(x) = fi(x,)—P,(x,) = 1-0 =1=¢,

[-1,2]

at any n (x)
Then from denial determining the completeness of a system of functions
should be

{x*,x*,x00 x>0} C[-1,2].

that the system of functions not full in

(x) e C[1,2]

For an arbitrary function f rate the size

n—1 n—1
X
max f(x)— ZOL ¥ =max x*- A )—Zockx” =

x€[1,2] pard xe[1.2] x2 k=0

— 2 —
when replacing t=x" = x=A\t

=max - f( ) Zat <48

te[1,4]

max t <4 re[.4] .
because ‘<14 And according to the

theorems of Weierstrass

max f( ) Za t <Z

AQRY
due to continuity on [L4] functions ¢
Therefore, by defining the completeness of a system of functions, the

2 4 6 2n
System {X s X, X ,N s X ,N } full in C[I,Z]
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Problem 04. Show that the system of functions

Solution.

2)

{x’x3’x5’lz| ,x2n+1,M }

1) not complete Cl-4,ml,

2) full in CL7A1-

n—1

P (x)= Zakx”‘”.
k=0

1) Let
In abundance Cl-4,7] available function fo(x) =1, for which
exists point 0 0€C=4m] guch that

max f,(0)-P() 2 fy(x)-P,(x) = 1-0 =1=¢g,

P (x).
atany " "
Then from denial determining the completeness of a system of functions should
be

3 5 2n+l1
that the system of functions (R L

not full in Cl-4,].

Arbitrary function J(x)e 4]

on =441 we denote the resulting function & (x) € CI-4.4]. True for her

continue continuously in an odd way

For & (x) Weierstrass's theorem is true:
2n+l

VS>OEIRn(x):Z(xkxk: Vxe[-4,4] U ‘g(x)—Rn(x) <eg.

k=0
Vxe[-4,4] N g(=x)—R, (-x) <e.

Py = TR g g
Note also that 2 and what of the oddness

g0 =878 g
functions €(*) equality follows 2

But it will also be true

Let's evaluate now

g(x)_Pn(X)‘ = g(X)—g(—x) _ RV,(X)—Rn(—x) <

2 2

< 8@= R+ g0-R (0|54 =5 Vxe[-44].

3 5 2n+l1
This means that the system of functions (R L full in CT=441;

and, therefore, in Clm.4]. Because, by construction, gx)=f(x) Vxe[nA] .
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Example 05.

Jamaua; BLECHATL BYAeT A0 NoanoH cheTema iyl | 1 cosx; cos2x. . cosnx.... |
pa C-2. 4],
ua C[2,4].

Pewmenne:
1. Hanosmms: enctrema v § 1 cosx; cos Zx;, .. CO8 mY5, ., | ABNACTCH MATHOI HA

[wblecnn V(1) ¥e=0 3P (x)=) a,coske TaKkoe, wro
el

f{x}—iutmh <& Vxelab].

ENmpiGnIe FTOTO ONPEACIEHIR 1BY IHT TaK:
cucrena pyicpnll | 1 cosxy cos Qi .cosnx;. ., | e spaneren narvon wa [a,b) ecin

(0 e, =0 3Ix, elad] TaKme, o 'E’F"{xlmzu,,cuﬁi:r

kall

f(x)-Y a, cosky, 2e,.
d=
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2°.

Let us assume the opposite: this system is complete [-2.4],

Then, for not equal to identically 0, odd continuous function f(x) there is a point
Yo € (0’2), such that
P (x)= Zak cos kx

f(xy)=4>0 Where k=0 .

And Ve>0  fi(x))—P,(x)) <8’

Note that P, (x) There is even construction function.

At the same time ¥~ %o € (=20) , where due to oddness / *) and parity F,(x) , the

following estimate would be fair:
fo(X")Y=P(x") = fo(x,)+P(x,) >24—-¢

1, cosx, cos2x,0 coskx, }

from which follows the incompleteness of the system { on

[-2.2] , and, therefore, on [_2’4]. But this contradicts the original assumption.

Finally, if J(x) <0 Vxe(0.2) , then we carry out similar reasoning for the continuous
odd function §¥) =—/(x)
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3

Pacemorpay cavaai (2. 4].
ol mhor R 7
Iyete S, = } +Z(n~ 003+ b, sin ; ) UACTHHHRBIE CyMMEI paaa Bypre 1w
< kel

I U R Y
dyuxunn f(x) xe[-Li].a g ="""" : T~ COOTBETCTEYHMIME HM CYMMEI
n+
theiicpa.
Hoonpenenms f(x) na [—4.4 | geTHBIM 00pazos, MOAVIHM 9ETHYID, HENPEPLBEHYIY
PyHEUMIO () Takvio. uTo gix)l = f(x) Yy e|24]. HacTHuike cyMsbl paia Pypoe
[PABHO KAK W CYMME 1D::i&1:pﬂ};um [|:|:-.er|1:4" g{x} njyﬂ:r"r HEROTOPRIMH NHHEHHEIMH

ROMOHHAIHAMH PYHEUHA B3 cHeTeMBl § 1L cos X Cos2x:. .. Coshx:... }.

BocnonsayeMen Teneph Teopesoii deiiepa o ToM, UTo, ecTH (PYHEIRE 2{X) HenpeprsHa
pa |- ] wogi== g0, To PYHKUHOHANLIAA MOCIEI0RATENLHOCTL [oF, § CXOANTC
PABHOMERHD K CYVMME PR /10 Dvpbe 1 pyurnHn £(x) M1 aroi TEOPEME CASAYET, HTD
Ve=0 N, takoe.wro Ymz N, sup g(x)-o, <& .HoTOraa GyIer pepao n

Vi
Ve=0 dN, rakoe, wro Vmz N, sup  filx)-o, <&. Yo poxasseser nonHoty
| 24|

cucTempl ynrmmi | 1; cosx cos2x;,. . cosny;.,. | wa C]2.4].



