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JIuHeiliHbIe ypaBHEHNA BTOPOTO IOPSIKa
C mepeMeHHbIMU Ko3dduiimeHTaMun

Kak yxke ormedasoch, B OOJBIUHCTBE CJIIYYAEB PEIICHUS JIMTHEHHOrO
ypaBHEHUsI C IIePEeMEeHHBIMHU KO3 puiimeHTaMu He BBIPAXKAIOTCS JaKe B
KBaJipaTypax. [loaTomy ajasi mpaKTUKU BasKHBIMU OKAa3bIBAIOTCH KOCBEH-
HbIE METO/bl, II03BOJIAIONINE AeJIaTh 3aKJ/JII0YCeHNd O CBOMCTBAX TaKUX pe-
IIeHni 0e3 MOCTPOEeHUsI UX ABHOI'O BHUJA.

B pamkax 3T0if TeMBI MBI OTPAHUIUMCS PACCMOTPEHUEM TOJHKO 6EULE-
cmeenHvxr PYHKIUN BEIeCTBEHHOTO IIePEMEHHOr0, UTO TO3BOJIUT OoJjiee
IMIUPOKO MCHOJIH30BaTh HEPABEHCTBA /I8 OIMCAHUA CBOMCTB PEIleHUI.
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Hanpuwmep, ecm 1151 ypaBHEHUST BTOPOTO TTOPSIIKA

§+ao(t)y=20 (1)

umeeM ag(t) > 0,t € Q, 10 (cormacHO M3BECTHOW M3 Kypca MaTeMaThude-
CKOT'O aHAJIM3a TeopeMe) MOXKHO yTBepXKIaTh, 94To mpu iy > 0 rpaduk Jito-
60ro 9acTHOroO pemeHus Ha §) Oy/IeT UMEThb BBIITYKJIOCTb BBEPX, IIOCKOJIbKY
B 9TOM CJIydae

j=—ao(t)y <0.

Menee odeBuUaHBIE, HO TaKyKe€ MPAKTUIECKHU ITOJIE3HBIE METOJbI MOTYT
OBITH ITPUMEHEHBI JIJIsT UCCJICIOBAHUS HY.Aell Pewenuti, TO eCThb 3HAYEeHU
HE3aBUCUMOII IIepeMEHHOM ¢, JIJIsi KOTOPBIX NCKOMasi (DYHKIIMS IPUHIMAET
HyJIeBOe 3HaYEeHUeE.
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Hajtee MBI OymeM paccMaTpUBATh JUHEHHBIE OJHOPOJIHBIE ypaBHEHUS
BTOPOTO TIOPSIJIKA BUAIA

az(t)j + a1 (t)y +ao(t)y =0, (2)

rae dyurmun ag(t), ai(t), az(t), t € Q, vHenpepbiBHO ArddOEPEHITUPYEMbI
n as (t) # 0.

BuagaJjie yoeumest, 9T0 ypaBHeHue (2) MOXKeT ObITh TPUBEIECHO K BHUJLY
(1) mpu oMoy JTUHEHHO 3aMeHbl ICKOMO# (yHKIME 110 (hopmyite y(t) =
p(t)u(t) , tme u(t) — HOBasi Hem3BecTHAsT (DYHKITUS, a

p(t) = exp —%/ Z;Ez; ds | . (3)
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HeiicTBuTesbHO, ecyin B ypaBHeHue (2) momcraButhb y(t) = p(t)u(t), To
MBI TIOJTY 9UM

(azpill—l- 2a2p U + azj?'u) + (alpu—l— alpu) + agpu =0

TN
asp i + (2@2]5 + alp)a + (agji +a1p + aop)u =0,

TO €CTb II0JIy4aeM ypaBHEHHUE, He COoJeprKalllee CJIaraeMoro C U, IOCKOJIbKY
BbIOpanHas 1o (opmyite (3) dyuKms p(t) yA0BIETBOPSIET JIETKO TPOBEPSI-
eMOMY paBeHCTBY 2asp + a1p = 0.
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Hns ypasuenus (1) cupaBensa

Jlemma Bcsikoe HeHyJsieBoe periieHue ypaBHenus (1) moxket
1. MMEeTh JINIITb KOHEYHOEe YMCJIO HYJIeil Ha JIIDOOM KO-
HEYHOM OTPpE3Ke.
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Teopema

1.

(IrypMa o
CpaBHeHHUN)

Ilycts t1 m to — coceaHue HecoBHagaAlOINUe HYJIU
HEKOTOPOI'0O HETPUBUAJIBHOI'O PEIlleHUs YPaBHEHUA:

Y+ aO(t)y =0, (4)

u nyctb byHKuun ag(t) mu Ag(t) HerpepbIBHBI U Ta-
KOBBI, uTO Ag(t) > ag(t) Vt € [t1,12].

Torpa siro6oe HeTpUBUAIBHOE pellieHue z(t) ypaBHe-
HISI

4 Ag(t)z =0 (5)

“MeeT HYJIb XOTs Obl B O/IHOII TOYKe oTpe3Ka |[t1,ta],
IIPYU 3TOM JIOO ITOT HYJIb IIPUHAIIEXKUT (t1,13) , IU-

6o
{ Z(tl) = Z(tz) = 0,
Ao(t) = (fLo(t) Ha [tl,tg] .
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Crezctsue Ha orpeske, rae ap(t) < 0, g060e HeTpUBUAIBHOE
1. pemenune y(t) ypaBueuns (5.4.1) moxket o6paTuThCst
B HYJIb He DoJiee YeM B OJIHOI TOYKE.

HOKaB ATeJIbCTBO

[Ipumerum teopemy IllTypma K mape ypaBHeHHI
J+ao(t)y=20 u Z4+0z=0.

ITpenmoJioxKum, 9To ImepBoe U3 HUX UMeeT Ha, §) 1o Kpaiineii mepe
nBa Hyssa t1 < to. Torma B cuny yenoBus ag(t) < 0 Vi €
KasKJI0e HEeTPUBHAJLHOE PEIICHNE BTOPOrO yPABHEHUA B CHUJIY
TeopeMbl 1 00s13aHO UMeTh XOTsI ObI OIUH HYJIb Ha [t1, ta].

O/1HAKO JIETKO BHUJIETH, 9TO Z(t) = 1 — HeTpUBHUAJIBLHOE PeIeHe
BTOPOI'0 ypaBHeHUs — Takoro Hyss He nmeer. CienoBaresbHo,
IPEJITOIOKEHNEe O TOM, YTO IIepBOe yPABHEHIE MOXKET HMETh
6oJ1e€ OHOrO HYyJIsl, HEBEPHOE.

CnemcTBrMe IIOKA3aHO.
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Bamerum, 4To A caydas ao(t) > 0 oleHka dmcsia Hysel perreHui
ypaBreHus (1) MOxkKeT oka3aThCsi 6oJiee CJI0YKHON 3aadeit.

2

Hamnpumep, mms ¢ — - y(t) = CO1t? +

y = 0 KaxKJoe pelleHue

Co
— (rakas dyHkius HazbiBaeTcs « Tpesybey Hvromona») B 0bJIacTU €ro

olpeeJieHrsI UMeeT He 0oJiee OJHOTO HYJIsI, B TO BpeMd KaK JJIsd YpaBHEHU s

1
Y+ —zy = 0 amcio HysIeil KazKI0ro pelleHnst

y(t) = C1V/tsin(v/31Invt) + Cov/t cos(v31n V1)

(HaXOMMOr0, HAIIPUMEp, ITPU MTOMOIIH MTOJICTAHOBKY 1% 1 hOpMYJIbl DiljTe-

pa) HeOrpaHWIEHO.
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CrerncTBuE B mnpomexkyTke MexKJy JIOOBIMU OBYMSI COCE]I-
2. HUMW HYJISAMH OJHOrO M3 JIBYX JIMHEWHO He3aBWU-
(0 cuMbIX pemrenuii ypasueHusi (5.4.1) comepkurcs
JeperoBa- POBHO OAWH HYJIb JIPYTOro pernieHus.

HUM HyJei)

JlokazaTeynbCTBO

IIycts y(1)(t) 1 y(2)(t) — MuHEHHO HE3aBUCHMBIE, HETPHBUAIID-
Hble perenust ypaaenus (5.4.1). [Ipumenum teopemy IIrypma
K I1ape ypaBHEHUI BUJIa

d1y + ao(t)ya) =0 u Ji2) T ao(t)ye) = 0.

(Mt dopmasibao mostoxkum ag(t) = Ag(t)).

Ecmu t1 n to — cocennume HecoBmagaloNniue HYJIU IIEPBOTO ypaB-
HEHWsI, TO MeXKJIy HUMHU MMeeTCsl XOTs Obl OJUH HyJIb BTOPOIO
ypasHennus t*. Obmmx mymeit y y)(t) u y2)(t) 6bITH HE MoO-
xert. [leifcteuTensHo, ecim, Hampumep, Y1) (t*) = y2)(t*) = 0,
To Bponckman W (t*) = 0 u permenus y(1)(t) u y(2)(t) nuneitro
saBucuMble. [losromy t* € (¢, t2).

9
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Ocraercs mokazarhb, uTO t* emuHcTBeHHOE. IIpeamonoxkum, 910
CyIIecTByeT Takxke t** Takoe, 9TO

y(Z)(t**) — 07 tl < t* < 1* < tz .

Torma mo reopeme ITypma y y(1)(t) JOMIKEH NMETLCS HyJIb Ha
(t*, t**), 9TO MPOTHUBOPEUUT IIPE/ITOJIOKEHIIO O TOM, UTO t1 M
ty cocemHue Hyam pemenus y(q)(t). Snaanr t* = t**.

CnencTBUE IOKAa3aHO.
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OrMeTnM, UTO JUIsT TMHEHHBIX YpaBHEHUI MOPsIKa OOJIBITEro, YeM JIBa
(n > 2), caeacTBue 2, BooOIIe TOBOpsi, HeBepHO. Hampumep, miist JuHEHHO
HE3ABICHMBIX pernenuii yy(t) = sint u y)(t) = 1 ypasuenus: ¥ + 3 = 0
Jepe0BaHUS HYJIeH HeT.

CrnernctBrue Ecim HeKOTOpoe HeTPUMBHUAJIbHOE pelleHune ypaBHe-

3. Hus (1) nmeetr 6ecCKOHEYHOE YHMCJIO HYJIEH, TO U KaXK-
Jioe ero Apyroe HeTPUBUAJIbLHOE pelieHne nMmeet bec-
KOHEYHOE YHCJIO HYJIEMH.
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[IpourmtocTpupyeMm mpakTudeckoe nmpuMeHenne TeopeMbl LTypma ciie-
IYIOIIUMU IIPAMEPAMIU.

3amava
1.

Pemenwue.

OHGHI/ITB CBEPXY U CHU3Y PaCCTOAHHNE ME2KIY COCECAHUMHU HY-
JIAMH HETPUBUAJBLHOI'O PEIICHUA YPaBHECHUA

J+2ty=0 mua t € [20,45]. (6)

I[To ycnosuio 3amaun ag(t) = 2t. Iycrs w? < ag(t) < Q2
HA YKA3aHHOM B yCJIOBHM 3aJa49u mpoMmexkyTke t € [20, 45].
CpaBHUM pellleHns JIAaHHOTO YPABHEHUS C PEIeHUsIMU YPaB-
HEHUI C IOCTOSTHHBIMU KO3 urinenramm:

F4w?z2=0,w>0 mu (7)

i+ %u=0,Q>0, (8)

pelennsi KOTOPBIX MPEJICTABUMBI COOTBETCTBEHHO B BU/IE
2(t) =Cisin(wt+C3) m

u(t) = D1 sin (Qt + Dg) .
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Pacemorpum Bradvasie napy ypasuenunii (6) u (7). Ilycrs ¢,
u ty, — Toc/eaoBaTebHbIE Hyan ypaBHeHusi (7), TO €CTb

7
to, = t1, + —, a t1y 1 toy — HOCTIENOBaTE/IbHAA II1apa Hy-
w

neit ypaBHenusi (6) Ha mpoMexkyTke |[t1,,ts.]. Ilo Teopeme
HItypma nmeem

tlz S tly < t2y S t2z .

OTKyma moaydaeM OIEHKN

T s
t2y§t2z:t1z+5§t1y+;-

U okonyarebHO

T
t2y - tly < 5 (9)
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Pemenue

IIOJIy4EHO .

Paccmorpes 3atem mapy ypasrenwii (6) u (8), mosydaem my-
TE€M aHAJIOTMYHBIX PACCYKJIEHUIl OIEHKY

v
toy —ty > 5 (10)

Bepnemcs Terephb K yCJIOBHUIO MCXOTHOU 33/1a9W W PACCMOT-
PUM JIBa KpailHUX 3HAUEHHs IIapaMeTpa: w u 2, /110 KOTOPBIX

0< w?=40 < 2t < 90=0Q% V<20, 45].

JIJ1s1 yKa3aHHOrO IIPOMEKYTKA ¢ paccTosHue d MeKILy COCel-
HUMU HYJISIME HCXOJIHOTO YDaBHEHUsI B CUJIy OIEeHOK (9) u
(10) Gymer yJ0BIETBOPSATH CUCTEME HEPABEHCTB

<d<

& Iﬁ

el

Orkyma moaydaeM UCKOMYIO OIEHKY

03< —— <d< ——<05.
3v10 2v/10
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3azmaua JlokazaThb, YTO HETPUBHUAJIbHBIE PEITeHUsT YPABHEHUS

j4+al\———Vt|y=0 (11)

nMerT

—nupu « = 12 He GoJiee Tpex HyJIEH ;

1
—Ipu « = 1 He 0oJiee OJTHOTO HYJIS.
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Pemenwue.

Uccnenyemoe ypaBaenue oTHOCHTCs K BUAY (4). YcraHoBuM

BHAYAJIE CBONCTBA QYHKINN (g (1), TO3BOJISIIOIINE BOCIIOIB30-

BaTbCA YyTBEpPKIAeHUAMEA TeopeMbl IIITypMma u ee ciencTBuii.
3—t

Bo-1repBbIX, 04eBUIHO, YTO (DYHKIIHAS 5 Vt| om-

penestena mpu t € [0, 3| u gBIIETCST MOHOTOHHO YOBIBAOIIIEH
Ha 9TOM OTpPe3Ke, OCKOJIbKY

3
BHa‘{I/IT, OHa HMMeEeT 3Ha4YCHUEC \/; — MaKCHMaJIbHYIO BEJIH-

quny Ha orpeske [0, 3|, mpu t = 0.
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Bo-BTOpHBIX, 13 paBeHCTB

33—t
1—-1t¢

I3 —t — 3
Vi= 2 _ 2
2 3—t 2 /3¢
— /T —— V1
2 2
CJIe,ZLyeT, 49TO IJIA yKaSaHHbIX B yCJIOBI/II/I 3ada49n1 3Ha‘{eHI/II7'I

napamerpa « dyskus ag(t) > 0 npu t € [0, 1) mw ag(t) <0
upu t € [1, 3.

Paccmorpum remeps otenpHO coyaait o = 12. [lpu t € [0, 1)
NMeeT MeCTO OIEHKA

t) <12 5 12 4—16
CLO()_ §< 5— .

[Tosromy B KauecTBe ypaBHeHus (5) MOYKHO HCIIOJIb30BATD (C
Ap(t) = 16) ypaBuenme

24162 =0 c pemennem z(t) = Csin(4t+¢). (12)
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N3 teopemsbr IllTypma ciemyer, 9To YUCIO HyJiell HETPUBU-
aJIbHOTO perienns: ypasuenus (11) va mosymaTepsase [0, 1)
He ipeBocxouT N +1, rae N — qucjo Hysaeil HeTpUBUAJILHOTO
pertenust ypaaeHus (12) Ha TOM Ke TPOMEXKYTKE.

Paccrosinue MeE2KJ1y II0CJIeAOBaTE€JIbHBIMUA HYJIZAMHW PEIICHUA

T
z(t) paBuO d = — » ooTOoMY N* — MUHIMAJIBHO BO3MOYKHOE

JICJIO TAKUX HyJseil Ha mosyuaTepsaste [0, 1) — paBHsercs

d/nma{ 0, 1) } [
d X

N* = =1.

CJie1oBaTe/IbHO, MaKCUMAJIbHOE YHCI0 HyJlell HEeTPUBUAJIb-
HOro pemnienusi ypasHenusi (11) wa momyunrepsase [0, 1) He
npepocxoquT N* + 1 = 2.

Ha orpeske [1, 3| miist ypaBuernust (11) okasbiBaercst cripaBe;i-
JIUBBIM CJICJICTBUE 1, 9TO O3HAYAET HAJIUYUE Y HETPUBUAIL-
HOI'O PEIeHMsI 9TOTO ypaBHeHUsI He 6oJjiee YeM OJHOIO HyJIs.
Takum obpa3om, HeTpUBHAJbHOE pereHne ypasHerus (11)
Ha orpe3ke [0, 3] B COBOKYITHOCTH MOXKET MMeTh He Oojiee
Tpex HyJIei.
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Pemenue
IIOJIY4YEeHO .

B sakiroyenme paccMOTpuM ciaydait o = i IToBTOpPUB pac-
Cy>KJIeHUs, TPOBEJEHHbIE JIsd caydas « = 12, HOJyduM
OIIEHKY
1 /3 1 4 1
o) =3\ <1373

Torna B kadectBe ypasuenusi (5) (B mapy k (11)) moxkHO
B3STh YPABHEHUE
Z + ! 0 (t) = C'sin( i +¢), (13)
P4 -z = c pemenneM z(t) = C'sin(—= :
3 P /3

Y HETPpUBUAJILHOI'O pemeHnd KOTOPOI'O PaCCTOAHHNE MEXKIAY

COCEJIHUMU HYJISIMI PaBHO 74/ 3 > ’ [0, 3] ‘ = 3.

D10 o3Hauaer, YTo ypaBHeHue (13) mMeeT HETpPUBHATIHLHOE
perrienne, y Koroporo Hetr Hyseii Ha orpeske [0, 3]. Ho Torma
HeTpUBHAJIbHOE pernierne ypasuerus (11) moxker mMerh Ha
9TOM OTpe3Ke He OoJiee OIHOrO HYJIS.
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B npuiozkeHnsAX 9acTO BCTPEYAIOTCsl YPABHEHUS, COJepKAIe MAaJIbIit
rmapamMeTp Tpu crapirneii mpousBojiHoil. VccieqoBanne acuMITOTHYIECKOTO
IOBeJIeHNs] pellleHnit IPU CTPEMJIEHUN 3HAUYEHUsI ITOT'0 HapaMeTpa K HYJIIO
MOKET OKa3aThCs JIOCTATOYHO CJIOXKHOM TTPOOJIEMOIi, YTO JIEMOHCTPUPYET

3amava
3.

Haiitu y(t,€) — perenne KpaeBoit 3aa9u, TJ1e € — MAJIbIH 110
MozyJTio apamerp, u t € [0,1] :

ej+y=F(t), (14)
IIpn yCJIOBHUAX
y(0)=1 u y(1)=2 (15)
JIJIST
a) F(t) =2,
6) F(t) =1
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Pemenwe. 1°. Paccmorpum BHaugase cayuait F(t) = 2.
KopHsSMI XapaKTepHCTHIeCKOro ypaBHeHns eA + A = 0

ABJIAIOTCS yncaa A1 = 0 u Ay = —— , u o0IIee perieHne
€

OJTHOPOJTHOTO YpaBHEHHS OyJIeT

t
y(t,e) = Cy + Caexp —Z

ITockoabky 1t A1 = 0 MBI IMeeM Pe30HAHCHBIN CJIyvaii,
TO B Ka4YeCTBE YACTHOI'O PEIEHUs HEOIHOPOIHOIO ypPaB-
Henust (14) moxuO B3aTh dyuknuio y(t) = 2t. Torga ero
ob1ree perrenne OyaeT

t
y(t,e) = C1 + Coexp <—g> + 2t

riae C7 u Cy — Ipon3BOJIbHBIE KOHCTAHTHI.
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PemuMm Tenepb KpaeByro 3aja4dy. /jis onpeeneHnst 3Ha-
venuit kouctauT C7 u Co UCHOIB3yeM KpaeBble YCJIOBUS
(15), 13 KOTOPBIX CJIEIYET, ITO

C: + Co = 1,

1
Ch + exp(—g)CQ—kQ = 2.

OTkyna moydaeM

1 1

N T 1
1 —exp (g> 1 —exp <_E>

U HaXOJINM pellieHre KpaeBoii 3ajaqu npu t € [0, 1] :

Ci =

1 1

t
y(t,e) = + exp ( ) + 2t .
1 1 €
1 —exp (—) 1 —exp (——)
€ €
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2°. Uccnenyem Temepb BHUJ HailJeHHOTO peIIeHUsI KPaeBoi
zagaun. meem mpu € > ()

1 t

(t.0) € €
Yy t,E = -

1

l—exp| ——

€

oTKyIa ciaeayert, 9to y(t,e) = 0 npu

(o o-en(-1))).

A Bropas mpomsBosHas §j(t,€) CTPOro 3HAKOIOCTOSIHHA
vVt € [0,1]. CnenoBarenbro, dyukius y(t,e) umeer Kc-
TPEMYM JIJIs JTOCTATOYHO MAJIBIX II0 MOJIYJIO € (MITHIMYM
IPUA MOJOKUTEILHBIX € M MAKCUMyM IIPH OTPUILATE/Ib-
HBIX).

+2,

Ipadurn dyukimit y(t, €) st
e =0.25, 0.1, 0.01, 0.003

IOoKa3aHbl Ha puc. 1.
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3°.

UccnenoBanme ipu € < 0 cBOAUTCS K yKe PACCMOTPEH-
HOMY CJIy4alO IIPU IIOMOIIU 3aMEHbI IIepeMeHHON ¢ Ha —t.

I'pacdukn byuxnuit y(t, ) as
e = —0.25 —0.1, —0.01, —0.003

TaK>Ke IIPpUBEACHLI Ha PUC. 1.

OrmeTuM BaxKHBIN (haKT, CIEAYIONINIT U3 IPEIbIIYIIEr0
PACCMOTPEHUS:
mpeaeabHblil Tiepexod € — (0, BBIIIOJTHEHHBIN B peuie-
nuw 3aa41 (14) — (15) TpuBOAUT K PE3yJIbTATY, OTJIN-
JAIOIIEMyCsl OT Pe3yJIbTaTa MPeebHOIO MMepexojia B
YCAOBUAX ITUX 3124,
eitcTBuTebHO, ecu B ypasHerun (14) nmotoxkuth € = 0
U OCTABUTH JIMIIL ONHO Kpaesoe yciosme y(0) = 1, To
MBI TIOJIYIUM PeIeHue JIjIs YPaBHEHHSI IEPBOr0 MOPSIIKA
y =1 Buma y(t) = 2t.
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Dra QYHKIWMS SIBJISETCH PEIIEHNEM COOTBETCTBYIOIEH 3a-
naan Komm gyia ypaBaenus ¢ € = (. [Ipu sTom perrenne
UCXOIHOTO ypaBHeHus Y(t, £) CXOAUTCS K PEITeHuO 3a,1a-
qu Kormmm #a Becem nostyunTepsadie (0, 1], Ho HepaBHOMEp-
HO.

JHammoe perienne 6ymer 6JIM3K0 K penteruio 3aaaqm (14) —
(15) Besme ma orpeske [0,1], 3a nckIOYeHHEM MAaJIOi
okpecTHOCTH TOYKH t = 0, rue pemenus OyayT 3HAYN-
TEJILHO OTJINIAThCHL.

DTy OKPECTHOCTH IIPUHATO HA3LIBATD MO2PAHUYHBLM CAO-
em, a OTMEUEHHOE pa3jinine PeleHuii — nogedenuem mu-
na nozpaHuyroz0 caos. Maremarudecku mpupoa 3 dex-
Ta MOIPAHMYHOrO CJIOS BIIOJIHE OYEBUIHA: BO3MYIIEHHOE
ypaBaenue (1o ectb ypaBuenue (14) ¢ € # 0) ectb ypas-
HEHIE BTOPOrO IOPAJIKA, B TO BpEMs KaK HEBO3MYIIIEHHOE
ABJISICTCSI YPABHEHIEM IIEPBOrO IOPSJIKA, PEIIeHns KOTO-
pOro MOI'YyT HE YJIOBJIETBOPSATL ABYM Pa3JIMYHBIM Kpae-
BBIM YCJIOBUSIM.
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Pemenne
IIOJIy4EHO .

B zakirouenne obparuM BHUMAHHE Ha TO, UTO

BO-IIEPBBIX, 3PPEKT TOrPAHUIHOTO CJIOSI BO3HUKA-
eT He mpu J000M Bo3Mmylnennu. Hampumep, B ciiy-
qae 6) mpu F'(t) = 1 (mpoBepbTe 3TO CAMOCTOSITETH-
HO) peIlleHrne HeBO3MYIIEHHON 3aadu MMeeT B
y(t) = t+ 1 u saBIsieTCs KaK pereHneM KaxKaoil u3
JIIBYX HEBO3MYIIEHHBIX 33184 Kol ¢ Haga b HbIMI
yenosusivu y(0) = 1 u y(1) = 2, Tak u pernennem
KpaeBoii BO3MYIICHHON 3a1a9u Ipu JII0O0M €.

V1, BO-BTOPBIX, MOIPAHUYHLIA CJI0# obpasyercs y
pemtenust y(t,€) B pasHbIXx Mecrax orpes3ka [0, 1]
IpU Pa3HBIX IPEIEJbHBIX Iepexomax: € — +0 u
e — —0.
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ACHUMIITOTHKA PEHNIEHHII 1 YPABHEHUE BECCEJIA

ITycTh OHOPOIHOE YPAaBHEHHe
a,(t)y" +a,(0)y'+a,(t)y=0 a,(r)=0

c

1

npuBeneHo K Buay u”+(1+ f(r)u =0. rme|f(7) n
r

C=>=0.g=0.

-
<
p—

Toroa mocnenHee VPAaBHCHHE 6}",‘16'[ HMETE PCIICHHA., 14 KOTOPRIX IIPH T — +37

i !

: 1)
u(r}:C‘lcoerrCzsmr—O!—a .
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VpaBHeHHe BHIa x°y'+xy'+(x* —p?)y=0 (IJe p - BellecTBeHHEIH MapaMeTp) HA3HIBAeTCA
ypasuenlies becceia.

Mpryep 01,  TTOCTPOHTH ACHMITOTHUECKYIO OIEHKY pelleHuil 1a ypaBHeHHA beccena

.\*2_1'”+.1r_1"+(.\*2 —pz)y =0 .
1

-

)

5

1A 3HAYeHHI mapamMeTpa
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TemalO.

2023/24 yu. roma.

: 5 u(x
3aMeTHM, UTO 3aMeHa HeH3BeCTHOH (PVHKIHH Ha (PYHKITHIO BHAA 1(x) = ,_)
A X
(1 )
[ —-p
IPHBOINT K YpaBHeHHI0 '+ 1+2—— | =0.
[ X"

% A

1
IIpu | p| < — MOXHO HCIIOIIB30BaTh ACHMIITOTHUECKYIO OLIEHKY C « =1,
2

{ A
o 1)

KoTopas uMeeT BHI u(x) = C, cosx + C, sinx + O! - J . O1Kyza
X

OKOHYATEIbHO

C,cosx+C,sinx [ 1
y(x) =1 — +0| ——=|.
NX XA X

|
3aMeTHM, UTO IIpH ‘ pr ‘ = E YpaBHEHHE Beccemsa pemaeTca TOUHO

C,cosx+C,sinx
y(x) = — .

X




IVOPEPEHIVAIJIBHEE YPABHEHVA YMHOB A.E., YMHOB E.A. 31

TemalO. 2023/24 yu. roma.

Pemenne;

~

MpuMep 02

JTokazatk, uTO ypaBHeHme beccens  x°y''+xy'+(x* —p’)y=0 He MOKeT
HMeTh B TIOIOKHTeIBHOH TOTYOKpecTHOCTH HylId x € (0.+%) OBYX,
OTPaHHUEHHBIX BMeCTe CO CBOHMH MPOH3BOAHBIMH, YAaCTHBIX JIHHEIHO
He3aBHCHMEBIX pPelleHHIl.
ITycte y,(x) H y,(x) CYIP OBa YACTHBIX IHHEIHO He3aBHCHMEIX DeIleHHT
ypaBHeHHd beccend. Torma HX BpOHCKHAH OyIeT
AYCORE A C))
Vi) v, (%)
Ecmm ¢yskmmm  y,(x) H  y,(x) oOIpaHHYeHBI BMeCTeé CO CBOHMH
[IPOH3BOIHEIMH, TO OVeT orpaHHYeH I HX BPOHCKHAH

‘ W (x) ‘ _ .1r1 () ¥y (%)
Vi@ ¥, ()

y @] 3, @] +p, ) [ 3 )]

W (x) = det =0 Vxe(0,+») .

det

-~

= ‘ Y1 (x)y'; (%) =y, (x)y'y (x)

o

Ommako. 3TOro OBITE He MOXKeT. IIOCKONBKY II0 (opMmyre JIHyBHILIA-
OcTporpanckoro
([ %du) - w
W(x)= W(l)oexp: —J‘— | = W()-e™ = ) .
\ 1 u | C

L A

To ects, ‘ W(x)‘ — +2 IOpH x — +0.



IVMOOE PEHIMAJILHEE YPABHEHVA YMHOB A.E., YMHOB E.A. 32
TemalO. 2023/24 yu. roma.

IIpmmep 03. IToCTPOHTE ACHMIITOTHYIECKYHO OIEHKY PENIeHH UL YPaBHEHHA
y'+ey=0.
PemeHne: 1. Cpemaem 3aMeHY HeH3BeCTHOH (QYHKIHH f=@(x)= x=/(f). Ilycts

z(t) = y(w (@) .
Juddepenunpopanne 1o ¢ 0ynem o0o3HauaTk BepXHeil Toukoii. Toraa, mo
IIpaBHIaM JAH(](epeHIHpOBaHHS HMeeM

L] (1] L L]
y'=z¢' 5 y'=z(¢") +zo"
JI111 1aHHOTO B YCIOBHH YPABHEHHA YI00HO IPHHATE @(x) = e, IOCKOIBKY B
3TOM clIydae @'= @''=e" ., a HCXOQHOE YpaBHeHHe IIPHHIMAET BHJ

e . ) . 1 .
e z+e*z+e”z=0 mm z+-z+z=0.
p



IVMOOE PEHIMAJILHEE YPABHEHVA YMHOB A.E., YMHOB E.A. 33
TemalO. 2023/24 yu. roma.

2. M30aBuMcA OT ciaaraeMoro ¢ = TIPH TOMOIMH 3aMeHBl z(t) = a(H)u(t),
1oJ00pae MOAX0QAmero Buaa Gyeknuw a(r) . Mveem

. * ] " [ 1] [ ] (1
Z=au+atu — c=au+2au+au .
i . \I
. G\"' (1] a |
2a+— Ju+ a+—
\ ] t

L

ra
L1

Otkyaa au+

+a = 0 . U uckomas QyHEKIHA a(r)
. )

a
ompenensgercsa ypaBHeHHeM 2a+—=0 .
t

Hcnoas3ysa HHTeTPHPYIOMHI MHOKHTENE fa , IPHAXOINM K PaBeHCTBY

t2aa+a’ =0 = (ta®) =0,

1 -
B CHIIy KOTOPOTO MOXKHO B34Th a(f) =—. To ectb, OyaeM denaTe 3aMeHY
I
. u(t)
HeH3BeCTHOH PVHKIIHA z(f) = —=.
{
~ T
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3. TloxcTaBnds 3TO BRIpaKeHHe B ypaBHeHHe 114 =(t) ., MOTyUHM (IIPOBephTe

L1 /" 3
3TO CAMOCTOATENBHO) 1+ |1+ 1
\ 4t

Tenepb MOMHO 3allHCAaTEk aCHMIITOTHYUCCKOE PEIICHHE (C a = 1)

™

u=0.

: 1
u(t) =C,cost+C,sint + O[ =
T

4

C,cost +C, sint I 3
Otkyma z(1) = — — —Or( — l M, OKOHYATEIBHO,
i \ I/t )

x X { Ix

£ : T e |
y(x)=C,e 2 cose” +C,e 2sine” +0| e ?
. 2 !

A A




