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IlepBble MHTErpaJIbl CUCTEM
OOBIKHOBEHHBIX AuddepeHnnaJibHbIX ypaBHEeHUNA

JlJist onncanusi OBEJIEHUsT PeIleHni AaBTOHOMHON CUCTEMBbI
t=F(zx), € QCE", (1)

rae F(x) menpepoiBHO nuddepeHnupyemasi, BelleCTBEHHAsT BEKTOP-QyH-
ki, a x(t) t € T — pemenne cucremsl (1) ma mpomexyTtke 1, B OKpecT-
HOCTU HEOCOOBIX TOUYEK (WM OCOOBIX TOYEK, Ijie JIMHeapu3alus He IpU-
MEHIMA) OKA3BIBAIOTCS MOJIE3HBIME (DYHKINH, HOCAIINE HA3BaHUE TIePBBIX
WHTErPaJjIoB.

Onpenenenue HenpeppiBao muddepennupyemass B ) dyHKIIS

1. u(x) HA3BIBAETCS NEPEHLIM UHME2PaAOM cucTeMbr (1),
ecau u(z(t)) = const Vt € T s Kaoswcdo2o perneHust
x(t) 910l cUCTEMBI.
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TpuBHAILHBIM IIPUMEPOM IIEPBOTO MHTErPAJIa MOXKET CIYKUTh (DYHK-
st u(x) = const. YCIOBUS ¥Ke CYNECTBOBAHUS HETPUBUAJIBHBIX MEPBBIX
UHTErpajoB (hOPMYIUPYIOTCS € TOMOIIBIO TOHITUNR NPou3sodHot 6 cuay
CUCTNEMBL U PYHKUUOHAADHOT HE3ABUCUMOCTY TIEPBBIX UHTEPAJIOB.

Ompenenenue IlepBble uMHTErpasbl {u(k)(x) k=118, s< n}
2. HA3BIBAIOTCS PYHKUUOHAADHO HE3ABUCUMbBLMU B TOU-
Ke a € §), ecau paHr MaTpuilbl JIKoOU paBeH S, TO
eCTb,
rg | ||—=—— =s, tnek=1[ls], j=1[1,n].

8$j

r=a

CorJtacHO 3TOMY OmpeieeHnio, (PyHKIINOHAIbHAsT 3aBUCUMOCTD, UCXO-
JisI 13 U3BECTHOM TEOPEeMbI O HESIBHBIX (DYHKIIUSAX, O3HATAET BO3MOKHOCTD
(bYHKIIMOHABHO BBIPA3UTH (JIOKAJIBHO) OJINH TIEPBBI HHTErPaJl Yepes JIpy-
IN0)7 8

Ciegyer Tak:Ke OTMETHTh pa3jindue IMOHSATUH (pyHKINOHAIHLHON 3aBH-
CUMOCTH U JIMHeiiHO# 3aBucuMmocTH. 3 JuHeiiHO#l 3aBUCUMOCTH CJIeIyeT
dyHKIIMOHAJIbHAsI, HO He Ha000opoT. [IpuMmep: PpyHKIIMOHAIBHO 3aBUCUMbBIE
bysrmn u () (T1, T2) = 1 + 22 T U2y (T1,72) = (T1 + 5132)2 B F? nuHeitno
HE3aBUCUMBI.
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Kpurepnii cymnecTBoBaHUS MEPBOTO MHTEIPAJIa, OMUCHIBAET

Teopema
1.

st Toro urobsl HenpepbIBHO aAuddepeHnupyemMas
B objactu ) dyHKImsa u(xr) sIBJIsIACH IIEPBBIM WH-
TerpaJjioM cucremsl (1), HEO6GXOAMMO U JOCTATOYHO,
4TOOBI U(T) — HPOU3BOAHAS OT u(Z) B CHJIy CHUCTEMBI
(1) — paBHsIJIACH HYJIIO HAa KaXK/OM PEIIEHUU CUCTe-
mbI (1).

3
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Jloka3zaTenlbCTBO.

[Tycts z(t) mexoropoe permenne cucrembl (1). Pacemorpum
dyukmmo v(t) = u(x(t)). Cormacuo mpasmiry auddepeHImpo-
BaHUS CJIOXKHOI (DyHKITUN

00 =3 ) = 3 5 Fy(alt) = ila(0)

OTKyia Mbl MIM€eM Jjisi IEPBOr0 WHTerpaJa,
u(x(t)) = const <= u(z(t) =0 <= o(t)=0 (2)

A 1o Teopeme Komm gepes KaxKIyio HEOCOOYIO TOUKY {2 IIPOXO-
JIUT HEKOTOpasi (ha3oBas TpaeKTopus cucteMbl (1), Ha KOTOPOif
BBITIOJTHAIOTCST COOTHOIIEHUsT (2).

Te opeMa IOoKa3aHa.
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Brigicaum Teneph reoMeTpuUUecKHUil CMBICT TIepBOro mHTerpaJa. Ilycrnb

ou
—— # 0 gya mekoroporo j um mycth C' — Jiroboe u3 3HAYEHUI EPBOIO

8xj

unrerpana u(z), npuanmaembrx B §). Torma ypasuenune u(z) = C 3amaer
B E™ (n — 1)-MepHYIO IUIEPIOBEPXHOCTH I, HA KOTOPOil IEJUKOM JiesKaT
dbazosbie TpaekTopun cucrems (1).

JleiicTBUTEIBLHO, IIyCTh TOYKA ( IPUHAJJICIKAT IMOBEpXHOCTH ', TOrma
u(a) = C. IlockosbKy u(x) mepBbIil HHTErpas, TO B JI060I TOUKe $Ha30BOit
TpaekTopun x(t), mpoxomsmeii yepe3 a, oyner u(x(t)) = C. 3naqut, BCst
9Ta TpaeKTopusd JexKUT Ha [

Bamernm, 94T0 0OpaTHOE HE BEPHO: He JI00as JUHUS Ha IOBEPXHOCTU
YPOBHsI €CTh (pa3oBadg TPAEKTOPUSI.
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ou
Ecsan m3Becten niepsblit nHTErpat 4(r), y KOTOpOoro —— #* 0 11t HEKO-

ox j
TOpOro j, To cucrema (1) MoxkeT OGBITH CBeJIEHA K CHCTEME C MEHBIIUM Ha
e/INHUILy YUCJIOM HEW3BeCTHbIX (dyHKnuil. [lyis sroro ciemyer x; BbIpa-
3UTh mpu nomoru ypaBHenust u(x) = C depe3 oCcTaJbHbIE HEM3BECTHBIE
U MOJICTABUTH 9TO BbIpaskKeHHe BO Bce (KpOMe j-I0) ypaBHEHUs MCXOJIHOI
cucremsr (1).

Buanne ke n — 1 GyHKIUOHATHLHO HE3ABUCUMBIX ITEPBBIX UHTErPaJioB
MO3BOJISIET TIOJIy9IUTh perreHne cucrembl (1) B KBajgpaTypax.

ITockonbky mr0basi HenpepbIBHO auddepeniiupyemas (GyHKIUS OT
HECKOJIbKHUX MEPBBIX WHTEIPAJIOB cUCTEMBI (1) OYeBHIHO TAKKe SIBJISIETCS
ee MEepPBBIM UHTErpajioM, TO MEPBBIX MHTEI'PAJIOB y 3TOHW CHCTEMBI OECKO-
HEYHO MHOTIO.
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[Ipu 3TOM O/THAKO BO3ZHUKAET BOITPOC O TOM KaKOe UHCJI0 U3 HUX MOXKET
OKa3aTbCsd PYHKUUOHANOHO HE3ABUCUMDBLMU.

OTBeT Ha JAHHBINA BOMPOC HAXOJIUTCS MPU IMOMOIIUA HUXKECJIETYIONX
pacCyzKJICHUIA.

Cucrema (1) B HEpa3BepHYTOM MATPUYHOM BHJIE 3aIlCHIBAETCS TaK:

2]l = |F ()], =eQc B (3)
ITpu rnajkoit obparnmoit 3amene nepemenubx ||z|| = ||g(y)|| ¢ marpurmeit
Hxobn
dgi
IGW)Il = vi,j = [L,n]
0y,

n 9KOOMaHOM

_ 8(91792a v 7971)
O(Y1,Y2,---+Yn)

det |G(y)]| 70  VyeQr,

B obstactu 2, siBysitoreiicst o6paszoM obJiactu §2, aBTOHOMHast cucreMa (3)
IPUMET BH/I

9l = 1GWI~ IF (), ye QB (4)
Cucrema (4) HEIOCPEICTBEHHO OJTydaeTcs u3 (3) B CHILy PABEHCTB

1zl = IG@lgl = 11F gl -

Ha Bompoc o ToM, Kak CBsi3aHbI II€PBble MHTErPAJIbl ABTOHOMHBIX CH-
crem (3) u (4), orBeuaer
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Teopema
2.

st Toro urobsl HenpepbIBHO auddepeHnupyemMas
dbyukuusa u(x), r € () ABaAsIaCh TEePBBIM HHTErpa-
JiIoM cucTtembl (3), HeoOOXOAUMO U IOCTATOYHO, YTOOBI
dbyHKIINS

v(y) = ulg(y)), y €

SIBJISIJIACh MEPBBIM MHTErpajioM cUcTembl (4).

8
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JlocTaTo4dHble yCJIOBUS CyIIeCTBOBAHUA N — 1 (DYHKIIMOHAJIBHO HE3aBU-
CHMOTO TIEPBOTO MHTErpaJia cucTeMbl (3), a Takyke (GOPMYJTy JJIs JIFOOOTO
ee IIEPBOr0 MHTerpaJa, JaeT

Teopema  IlycTh TOUKa a € () HE eCTh IIOJIO>)KEHUE PABHOBECHS
3. cuctrems! (3). Torma

1°. B w C 2 — HEKOTOPOi1I OKPECTHOCTU TOYKHU d,
CYIIIECTBYEeT MHOXKECTBO, COCTosiiiee u3 n — 1
b yHKITMOHAJIBHO HE3ABUCUMBbIX II€PBbIX MHTE-
rpajioB u (1) (), w2y (T), ..., Um—1)(T).

2°. Igis moboro mepBoro uHTterpaJsia u(xr) Haiiger-
csi HempepbIBHO auddepeHnupyemast pyHK-
uusa P(&q, &, ..., {,—1) Takas, 9TO

u(x) = P(uny (), ue) (), ..o\ Up-1)(T)), TEwW.

Crenyer Tak:Ke MMeTb B BHUJY, YTO 3Ta TeOpeMa TrapaHTUDPYeT CyIie-
crBoBaHne (pyHKiun P JMIb B W — OKPECTHOCTU HEOCOOOiT TOYKU a, HO
He 60 ecetl obaacmu 2 .

Yro ke KacaeTcss OKPeCTHOCTEH ITOJIOKEeH!ST PAaBHOBECHU, TO B HUX IIeP-
Bble MHTErpaJibl MOT'YT KaK CYIIEeCTBOBaTh, TaK W HeT. T'yT OKa3bIBaeTcCs
HEOOXOIMMBIM JOIOJHUTEIHLHOE HCCJIeTIOBAHIE.
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[IponemoncTpupyeM Temnepb HEKOTOpPBIE IMPUEMBbI OTHICKAHUS IEPBBIX
WHTErpaJjioB Ha MPpUMeEpPE PEINIeHns CJeIyIoNnX 3a/1ad.

OcHoBHast wjesi TUX MPUEMOB — BbIjIeJIeHe (MM UCKYCCTBEHHOE IT0-
CTPOEHUE) NOAHBIE TPOU3BOMHBIX W JUGMEPEHITNATIOB OT CJIOKHBIX
dyHKINIA.

3amadga Haittu nmepBbIit mHTErpaJI Jijisi CUCTEMBI T depeHImabHbIX
1. ypaBHCHU

jjl = T2,
i‘z = —x1+ .’L’:l)) .
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Pemenwue.

Pemenue
IIOJIY4YEeHO .

BameTuM, 9TO 3/I1eCh TeopeMa O JIMHeapu3allud He TPUMEHU-
Ma, MMOCKOJIbKY IIOJIOKEHUE PABHOBECUSI JTUHEAPU3AIUU €CTh
UEeHmMDP.

[TocTynuMm Tak: MMEpeMHOXKWB YpPaBHEHUS MCXOTHON CHCTEMBI
KPECT HAKPECT, IOJIY YUM

(—xl + 33:1))) fl = Igjfg y

d r, 1, 1,
orkysrta — | —=x7+ -7 — =x5 | = 0. 3HauuT, HaIpUMeD,

dt 2 4 2

1
2 4 2
u(ry,r2) = o7 — S%1 + 23
€CTh MEePBBIil HHTerpaJl pacCMaTpuBaeMoii cucreMbl audde-

PEHIINAJIBbHBIX ypaBHeHHﬁ.
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3amayva
2.

Pemenwue.

HaiiTu He3aBucuMble IepBble UHTErPAJIbl JJIsI CUCTEMbBI JIHd-
depeHnnaIbHbIX YPaBHEHUIT

r = x,
y = v,
;o= 224y +z.

mpu x >0, y >0, z— 22—y > 0.

Ucknoyas HE3aBUCUMYIO NEPEMEHHYIO ¢ U3 TEPBBIX JIBYX

dx dy
ypaBHeHUil, mojydaeM — = —, 9to gaeT y = Chx. 3Ha-
x
AT
Y
uy(z,y,2) = =
(1)( Yy ) -

€CTb MePBBIIl MHTETrPaJ UCCIeyeMoit cucTeMbl TuddepeH -
aJIbHbIX YpaBHEHUI.
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[Ipu momcke mepBBIX UHTErPAJIOB JIJIsi BBIJIEJIEHUS TOJHBIX
IIPOU3BOIHBIX WK I PEepeHITNaI0B HEPEIKO OKA3bhIBAECTCs
yJIOOHBIM HCIIOJIb30BAHUE CJIEIYIONIETO NPasusd Nponopuul
(nsn ceoticmea pasHuz dpober) :

ecn
a1 (0%) (0779

BT R T

k?1041-|-k72042+"'+km04m_
k181 + kaf2 + -+ Emfm 7

TO

JJId IIPOU3BOJIBHBIX, HEPABHLIX HYJIIO OJHOBPEMEHHO YHCEJI

|
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Pemenue
IIOJIy4€HO .

Jy1s1 mcImo/Ib30BaHus 3TOTO IIPABUJIA 3AITUIITEM UCXOTHYIO CH-
CTEMY B TaK HA3BbIBAEMOM CUMMEMPUYHOM 6Ude, B KOTOPOM
HET sIBHOT'O YKa3aHUs Ha TO, KaKas U3 IEPEMEHHBIX SIBJISI€TCS
HE3aBUCUMOW.

B sTom ciiygae mjist 3ammcn CHCTEMBI UCIHOJIB3YIOTCA He IPO-
M3BOJIHBIE, a IuddepeHITnaIb:

dx dy dz
r oy a4y 4z
BamMeTnm, 94TO B pacCMaTPUBAEMOM ciiydae (10 MPABUIY IPO-
HOPITHif)
(—2z)dx  (—2y)dy dz _ dz —2xdx — 2ydy
(—2z)z  (2y)y 22+y2+z  z—a2—y?

Y

a 3TO JaeT PaBeHCTBO MHOJIHBIX AuddepeHInaios

d(z — z2 — 32 dx 2z —x? —y?
( 5 2):— — ——— = (5.
z—x%—y x x

2 — a2 g2

N3 paBencTsa = (5, B CBOIO OYePEe/ib, MOJIyIaeM
T

JApyroil epBbIil NHTErpaJl

2 — 1 —y2
U(z)(ﬂ?,’y,Z) = T7

KOTOPBI1 OYEBUIHO HE3aBUCUM OT HAWJICHHOT'O paHee, I10-
CKOJIbBKY OH B CBO€Il 3allCU COJECPZKUT IIEPEMEHHYIO 2.



