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JIuHeiliHble ypaBHEeHUs
B YaCTHBIX HNPOM3BOJHBIX IMMEPBOTO IOPsIKa

o cux mop B HaIlleM Kypce paccMaTpuBaJuch auddepeHiimaibHbIe
ypaBHEHUsI (CHCTeMbl YpPABHEHWIi), B KOTOPBIX HEU3BECTHBIMU SIBJISIACH
dbyurIIMEI (BeKTOP-DYHKINN) OT OTHON HE3ABUCUMOI IT€PEeMEHHOI.

OnHAKO B IPMIOXKEHUSIX JTOCTATOYHO YACTO BO3HHUKAIOT IuddepeHIin-
aJbHble YpaBHEHNsI, HEM3BECTHBIE B KOTOPBIX SIBIASIOTCS (DYHKIIUSIMU OT
HECKOJIbKIX II€pEeMeHHbIX.

[Ipu sTOM, ecyim Takue ypaBHEHUS COAEPKAT YaCTHBIE TPOU3BOJIHBIE OT
HEM3BECTHBIX TOPsIJIKA He BBINIE TEPBOro, TO (Kak Oy/eT MOKa3aHO HUXKE)
UX PeIIeHHsl CBOASTCS K PEIeHNI0 CUCTEeM OOBIKHOBEHHBIX JIuddepeHIin-
aJbHBIX YPaBHEHHUII W IIOTOMY TPAIUIIMOHHO M3YYalOTCs B Kypcax, aHaso-
TIYHOMY HAIIEMY.
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IIycts B HeKoTOpOIt obmactn G C E?"T1 n > 2 onpenenena neiicTu-
TeJIbHasl HENPEePbIBHO juddpepeHimpyemMas QyHKITAS

F(x17x27"'7xn7u7p17p27"'vpn>
2
. ) n [ OF
Takasi, ITO B KaxKJI0# jomycTumoii touke » | — | #0.
k=1 \ ODk
Torna MoxKHO 1aTh
Oupeznenenue YpaBHeHUE BUIA
1.
7 ou Ou ou 0
L1, Loy ey Ty Uy —— ——, o, —— | =
Y Y Y Y Y axl Y axz Y Y axn

(1)
HA3BIBAETCS YPAGHEHUEM 6 UACTVHOLL NPOU3IBOOHBLL
nepe6020 nopAdka OTHOCUTEJIbHO HEN3BECTHON (DyHK-

mm v = u(x), x € Q C E", tae

||| = ||x1, z2, ..., anT
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Ompenenenue Oyukumst v = u(xy, To, ..., Tn) HASBIBACTCI pPeULE-
2. nuem ypasaenus (1), ecan
1°. u(zq, xo, ..., xy,) — HEIpepbIBHO auddepen -

pyeMast yHKIHA B {2

2°. Vx € Q Touka

T
ou Ou ou o
1y, L2, ) Any ’83:1’8332’ ’6$n
3°. Ve € Q
ou Ou ou
Flzy, o, ..., 2, u, =0.

Ox,’ Oxy’ ~ Oz
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Cpenu ypasuenwit Busa (1) BaXKHYIO JJIsT IPUJIOXKEHWI POJTh UT'PAET UX
CHEeIUAJIbHBIA YaCTHBIN CiIydaii: Aunelirvie YypaBHCHU.

K nuneitnbiM ypaBHEHUSAM B 9aCTHBIX ITPOU3BOIHBIX MEPBOTO MOPSIIKA
OTHOCAT YpaBHEHUA BUJA

ou

Ao(z1, x2y ..., xn)u+ZAk(:1:1, Ty o. o, xn)a—xk

k=1

=b(z1, T2, ..., Tp) .

Kaxk sm1erko BUJETH K JIMHENHBIM OTHOCSITCSA YPpaBHEHHA, B 3allUCb KOTO-
PbBIX HEU3BECTHAaA (byHKHI/IH n ee€ IIpou3BOJHbIE BXOOAT JII/IHeI'?'IHO,

[Tpenmomaraercsi, aro u3Bectable GyHKIWa Ay (1, Ta, ..., Tp) YIOBIE-
TBOPSOT B {2 U B G O yCJIOBUSIM:

> AR(x) #£0.
k=1
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BamMeTuM Tak»ke, UTO IIPU PElIeHuN YpaBHEHUs BUIA

_ du
ZAk(xl, T2, ..., Tp, U)=— =b(z1, T2, ..., Tn, u).
1 833k;

MOKHO NPUHATH 38 HEH3BECTHYIO (PYHKIIIIO
v(T1, To, ..oy Ty, u) = u(T1, To, ..., Tp) — U,

YBEJINYUB Pa3MePHOCTh 33/1a91 Ha €IWHUILY, CBEJ/Id 3aTO YpaBHEHUE K OJI-
HOPOJTHOMY BH/TY

- v Ov
g Ap(x1, 22, ooy Tpy u)=— + b(x1, T2, ...y Ty, u)=— =10,
oxy, ou
k=1
Ov
IIOCKOJIBKY B 9TOM cjaydae — = —1.

ou
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[IpucTymnmm Teriepb K pacCCMOTPEHIIO METOOB pelieHust ypasuerwuit (1)
Ha TIPUMeEpPE PEITeHus JIMHEHHBIX OJTHOPOIHBIX JudDepeHITnaIbHbIX YPaB-
HEHUH B YaCTHBIX MPOU3BO/IHBIX IIEPBOTO MOPAIKA BAJA:

Ou(x)

Ap(z1, 22, ..., Ty =0, 2
l; k(T1, @2 )8xk (2)

rne Ax(z) Vk = [1,n] — u3Becrnbie HenpepsiBHo Auddeperumpyembie B §)

dbysknn Takwe, 9To kz A2(z) #£0 Yz € Q.
=1
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BBenem B paccmorpenue BeKTOP-dyHKINO A(x)
| A(z)|| = || Ar(z1, - .., @) As(T1, ooy @) - Ap(xy, o ) || T

Torma ypaBHenue (2) MOYKHO 3aIIMCATH B HEPA3BEPHYTOM MATPUIHOM BHJIE
KaK

I A()[I" || grad u(=)]| = 0.

Onpeznenenue ABToHOMHAsI cucTeMa
3.
@) = 1| A(z)]] (3)

HA3BIBAETCS  TAPAKMEPUCTIUYECKOT, CUCTNEMOT IS
ypaBHenus (2), a ee ¢pa30Bble TPACKTOPUN — TAPAK-
MePUCMUKAMU STOTO YPABHEHMUS.
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CBsi3b MeXK/Iy pelleHreM ypaBHeHUsi (2) W peleHneM ero XapaKTepu-
CTUYECKON CHCTEMBI (3) OMUCHIBAET

Teopema B HekoTOpOil OKpEeCTHOCTH Ka>K/ 10l HeOCODO0il TOUYKM
1. xo € () ob1ee peinienne ypaBHenus (2) mmeer BUJL

u(z) = (uay(@), ue)(@), ...\ up—n(@)) |

rae upy(z),k = [1,n — 1] — dyHKIHOHAILHO He3a-
BUCHUMbIE B I( I€pBble MHTErpaJibl cucrembr (3), a

D (&, &, ..., &q—1) TOGas HempepbiBHO AuddepeH-
nupyemasi QyHKIHUS OT N — 1 IepeMeHHOIA.

CupaBeyInBOCTDL yTBEPKIEHUS 9TOH TeOpeMbl IOYTH OYEeBUIHA, IIO-
CKOJIbKY JIeBasl 9acTh ypaBHeHUs (2) ecTb npouseodnas dymnruyuu u(z) 6
cuay cucmemst (3), a camo ypaBHeHUe (2) COBIAIAET C KPUMeEPUEM NEPE020
unmMme2pana st CACTeMBbI (3).
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Takum o6pa3zoM MOXKHO 3aKJIIOUUThH, YTO 00Iee pelleHne OIHOPOIHOTO
ypaBHEHUSI B YACTHBIX IIPOU3BOIHBIX IEPBOIO IOPSIIKA COIEPXKUT B CBOEIL
3allCU NPOU3BOALHYN, HEIIPEPBIBHO guddepeHnupyemMyo (pyHKIIO, 3a-
BHUCSIIIIYIO OT nn— 1 IIepeMeHHoil, B TO BpeMsI KaK, HallpuMep, o0Iee pereHne
BEKTOPHOI'O OOBIKHOBEHHOTO JudepeHIaabHoro ypapuenus © = F(t, x)
BBIPAYKaeTCsl Iepe3 N MPOU3BOJIBHBIX MOCTOSHHBIX.

3aMeTnM Tak:Ke, UTO JJIsI HEOJIHOPOIHOrO AU depeHIInaIbHOIO ypaB-
HEHUs B YACTHBIX IIPOU3BOIHBIX IIEPBOTO IIOPSIKA, IPABUAJIO 3aIIKCH ODIIETro
peleHnsi MOJTHOCThIO aHAJOIUIHO CJIydai0 OOBIKHOBEHHBIX AuddepeHIiu-
AJIbHBIX YpaBHEHHIl: o0lllee pelleHne HeOIHOPOIHONO ypaBHEHUs eCTh 00-
Iee pereHre OJHOPOIHOIO, CJIOXKEHHOIO ¢ YaCTHBIM (JTI00bIM!) perenreM
HEOIHOPOIHOIO.
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Briesierne KOHKPETHOIO YaCcTHOTO PEIIeHNs 13 OOIIETro Jijisi ypaBHEHUHA
B YaCTHBIX MPOU3BOHBIX OCYIIECTBIACTCS ITyTEM 3aJIaHUS JIOTOJTHUTEb-
HBIX yCJIOBUI: HAYAJbHBIX, KPAEBbIX, CMEITaHHBIX U T. JI.

Paccmorpum B KadectBe mpumepa 3adaywy Kowwu njist ypasHenust (2).

[Tycts mHempepobiBHO mauddepentmpyemast dyukiusa s(z), z €  C E”
takoBa, uTo grad s(z) # o YV € Q. Torma ypasuenue s(z) = 0 3amaer B §)
IJIAJIKYIO TUIIEPIIOBEPXHOCTD 7Y, HA3BIBAEMYIO HAUAALHOU NOBEPITHOCMBIO.
M mycts Ha 3TO# HaYaIbHON MOBEPXHOCTH 3a/laHa HEIpPepbIBHO audde-
pennupyemast yHKIwsa @(x). Temepb MbI MOXKeEM 1aTh

Ompenenerue
4.

3adaueti Kowu Ha3biBaeTCs 3aa9a OTICKAHUS U(T)
— TAKOI'O PEIeHUsT YPABHEHUSI

I A() ]| "|| grad u(z)|| = 0, (4)

JJTsT KOTOpPOro u(x) = p(x).
reY
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Bamada Ko fqj1st TUHEHHBIX OTHOPOIHBIX YPAaBHEHUIT B YACTHBIX IIPO-
M3BOJIHBIX IIEPBOT'O MOPSIIKA, B OTJINYNE OT CJIydasi OObIKHOBEHHBIX JIMHEH-

HBIX YPaBHEHHI II€PBOTO IOPIKa, 00JIadaeT CJIEIYIOINMI 0COOEHHOCTSI-
MH.

Bo-miepBhIX, ee pellleHue CyIecTByeT W €JIMHCTBEHHO He JJI JII000i
IVIaJIKO¥T HavYaJIbHOI IIOBEPXHOCTH 7.

Bo-BTOpHBIX, €e pa3pemmMoCcTh UMeeT JOKAJIbHBIN XapakTep.

Jns yTouHeHUs yCJIOBHIT OJTHO3HAYHONW pa3permmMOocTH 3aa9u Ko
Ja M

Onpenenexnue Xapaxmepucmuueckot moukot 3adavwu Kowu euda
5., (4) HasBIBaETCSI TOYKA T € 7y TaKasl, ITO

3(20) = || A(zo)||"|| grad s(zo)[| = 0.

CpaBrenue onpejienennii 4 u 5 JaeT CJAEIYIONLYI0 TeOMETPUIECKYIO MH-
TePIIPeTaIio: B XapaKTePUCTUIeCKol TouKe BeKTOp A(xg) ®acaemcs mo-
BEPXHOCTH 7.
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[Ipu 3TOM OKa3bIBaETCs CIIPaBEIJIUBOI

Teopema  Ecam Touka x9 € 7 He fABJsIeTCA XapaKTEPUCTUIE-

2. ckoii Toukoit 3amaqu Kommu (4), To B w C ) — HeEKo-
TOpOii OKpecTHOCTH T( — pereHue 3anadu Komn
CyILIEeCTBYET M €JUHCTBEHHO.
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Tenepb TPoOIEMOHCTPUPYEM OCOOEHHOCTH MPAKTUIECKOI'O HCITOJIH30Ba~
HUA TTOJIYYEHHBIX TEOPETUIECKUX PE3YIHTATOB.

3azmaya Haiitu obiee perienune ypaBHEHUs
1.
ou ou ou
2 2
T —+yrz—z)7——2"—=0
ox ul )&y 0z

U PENNTh JJI 3TOTO ypaBHeHUd 3aady Komm ¢ HagaabHbIM
yCJIOBUEM
u=1y npu T ==z.
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Pemenue. 1°. s JaHHOrO ypaBHEHUS B YACTHBIX ITPOU3BOTHBIX CO-

CTaBJIIEM XapPAKTEPUCTHUIECKYIO CHCTEMY B CHMMET-
puuHOii bopme

dr  dy dz
2 ylz—xz) 22

2°. Ouu u3 AByX (pyHKIIMOHAJTHHO HE3ABUCUMBIX TIEPBBIX
MHTErpajoB HAXOIUM TaK
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3°. lpyroii nepBbIii ”HTEIpaJI IIOIPOOyeM HANTU U3 ypaB-

HEHUS
dx dy z— dy
—=——— um de = —
z?  y(z —x) 2 y
x
C ygeToM z = ——— - yCJIOBHSI CBSI3U, CJIEYIOIIE-
Clx —1

o U3 yzKe HaliJIeHHOT'O IIEPBOI'0 NHTEerpaJia, mojaydaem

1 1 p _dy
o(Cix—1) x_?.

Pazoxkenne mepBoro ciaaraeMoro B 0OJIBIINX CKOOKaX
Taer

1 A B

e T —— A=-1;, B=C].
z(Crz — 1) x+C’1x—1 ~ ’ !
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OTkyna

—Inz? +1In|Ciz — 1| =In|y| +1n|Cy.

0133 —1 ~
HOSTOMy Q5. CQ , 4TO, C y4eTOM paBeHCTBa
LY
Wi
Z = ———, OKOHYaTeJILHO JaeT
Clﬂf —1

1 -
— =5 — xyz = Cs.
TYz
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Haiiienuble mepBble MHTETrPAJIbl OYE€BUIHO (PYHKITU-
OHAJIBHO HE3aBUCUMBI, ITOCKOJIbKY (POpMyJIa s Of-
HOT'O U3 HUX COJIEPKUT HE3ABUCUMYIO IIEPEMEHHYIO Y,
a JJisd Apyroro — HeT. TakuM 0Opa3oMm, B CHJILy TeO-
pembl 1, obIriee perrieHne NCXOTHOTO YpaBHEHUs Oy1eT
UMETb BU/I

1 1
u(z,y,z) =@ —+ —, zyz
xr oz
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4°. PaccmorpuMm Temepb 3ajady Komm. OTmerum, 9To
B JaHHOI 3ajmade ¢(T,y,z) = Yy, a HadaJbHAST IIO-
BEPXHOCTH 7 3TO ILIOCKOCTL Z — z = 0, TO €CTb
s(z,y,2z) =x — z.

CocTaBuM BHavaJje BCIIOMOTaTeIbHYIO CUCTEMY YPaB-
HEHU, BKJIIOYAIONLYI0 (DOPMYJIbI IEPBLIX NHTEIPAJIOB
U ypaBHeHUE, 3aJlal0llee HadYaJIbHYIO IIOBEPXHOCTh

(1 1

-+ - = Cla

r oz
< ryz = Caq, (5)
L x—2z = 0.
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Koukpernsbrit Bug dyuknun ¥V, maforieil peireHne 3a-
nagan Komm, MOXKHO HalTH, €C/IM IPU TTOMOIITH BCIIO-
MoraTesibHOi cucteMbl (5) BBIPA3UTh HE3ABUCUMBIE
nepemennbie yepe3 (7 u (9 U IOACTABUTH 3THU BbI-
paxkeHusi B (pOPMYJIy HaYAJIBLHON ITOBEPXHOCTH.

HeiicTBuTebHO, n3 cuctemsl (5.) moydaem

( 2
r = o
!, C2C,
T
2
\Z: C_l
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Pemenue
IIOJIY4YEeHO .

[TepBbie nHTErpasbl (paBHO KaK U JIOObIE HETPEPHIB-
HO juddepeHiupyeMbie (DYHKIUU OT HUX) COXPaHs-
0T NOCMOAHHDYIE 3HAUCHUSA Ha TPACKTOPUAX XapaKTe-
PUCTUYECKON CUCTEMBI.

[IosTomMy Te ycaoBUSA CBSI3M MEXKIY IIE€PBBIMU HH-
TerpajlaMu, KOTOpPbIE WUMEIOT MeCTO Ha HadaJbHOI
MIOBEPXHOCTH, OCMAIOMCHA GEPHHLMU TIPU JTBUKEHUN
B/IOJIb TPACKTOPUIL.

B namewm cirygae Ha HaYaJIbHON MTOBEPXHOCTH

20,
u(a:,y,z) =Y = Ta

II03TOMY pelnrenneM 3aga4du Koru 0yner dpyHKIIUs

—+ -] xyz
Tz (z + 2)%y
Wiy, z) = 4 T 4z




