CucreMbl JuHeTHbIX
anddpepeHIaIbHbIX
ypaBHEHUII ¢ TOCTOSHHBIMU
Ko punmenramMmn

Onpernenernue
3.0.1

Hopmaavrot cucmemoti uHeitHbIX uddepeHtm-
AJIHBIX YPABHEHUIl C IMOCTOSIHHBIMU KO3(hMOUITNEH-
TaMU MOPSIIKA 7. > 2 HA3BIBAETCsI CUCTEMA ypPaBHE-
HU BUIA

Jbl(t) = CL11$1(t) + ...+ alnasn(t) + bl(t),

l’z(t) = a21$1(t) + ...+ aann(t) + bg(t),

e t € T, zx(t) k = [l,n] — KOMIUIEKCHO-
3HAYHbIE HENMPEPHIBHO muddepeHimpyeMbie HEn3-
BeCTHble (DYHKITMH BEIIECTBEHHOTO apryMeHTa, a
br(t), k = [1,n] — 3anauHble, HenpepbiBHBIE Ha T’
dyHKIMY, HA3BIBAEMBIE C60000HBIMU YAeHAMY. Tuc-
aa a;j Vi, j = [1,n] — KOMIJIEKCHbIE KOHCTAHTEL
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Jlannyio cucTteMy ypaBHEHUI YacTO 3AIMCHIBAIOT B TAaK HA3BIBAEMOM
HePa3sePHYMoM BUIE

2i(t) = > aija;(t) + bi(t), Vi =[1,n], (3.0.1)
j=1
wm xKe B eme Gosee npocroii, marpuuanoit dopme ||| = || A|l||lx] + |0l
re
a1 ai2 co. Q1n .’L‘l(t) b1 (t)
a a ... a9y, To(t bo(t
= || e = | 2O ey = | )
anl QApa ... Gpp Zn(t) by (t)

Ormerum cpasy, 9ro 3adava Kowu fjist CHCTeMbI JIMHEHHBIX yPABHEHUH
(3.0.1) 3akuouaeTCd B OTHICKAHUU €€ YACTHOIO PEIlIeHUs, YI0BIeTBOPSIO-
IIETO HAMAALHOLM YCaosusm Ty (to) = (o), Yk = [1,n], nae zo), to €T —
dbuKcupoBaHHbIe KoMILIekcHbIe uncaa. 1 asee (B § 4.3) Gyyer mokazano,
gro 3amada Komm s cucrembl ypasnenuii (3.0.1) paspemmuma Bcerga u
MIPUTOM OJTHO3HATHO.

Merozp! pemenus cucrembl ypasaenuii (3.0.1) IPUHIMIHAILHO aHAJIO-
TUYHBI METO/IAM PEIeHUs JINHEHHOTO YPABHEHIS N-I'0 [TOPSIIKA, TOCKOJIBKY
JINHEHOe ypaBHEHHE N-I'0 MOPsIKa MOXKET ObITh CBEJIEHO K CHCTEME BUJA

(3.0.1) .

13ech U fasiee HIDKHUN HHIEKC, BBIAEICHHBIH KDPYIJIBIMHI CKOOKAMU, €CTh HOMED
“JIeHa HEKOTOPOrO MHOKECTBa (IIOC/IEAOBATEIBHOCTH), & He HOMEP KOODAMHATHL.



O1HOpPO/THBIE CUCTEMBI JIUHEHBIX YPaBHEHNIA C
OCTOsTHHBbIME KO3 durmenramu (caydaii Ga-
31ca U3 COOCTBEHHBIX BEKTOPOB)

Paccemorpum Teneps 0drnopoduyio cuctemy JuHEHHBIX quddepeHmaib-
HBIX yPaBHEHWI IEPBOTO MOPSIIKA

] = [[Allll«]] - (3.L.1)

CaoiicTBa ee 00IIero periennsi — COBOKYITHOCTU BCEX YACTHBIX PEIeHU
— OIMCBHIBAIOTCS CJICAYIONIMM HADOPOM TEOPEM.



Teopema  Ecmm ||z(1)(t)|| u [|2(2)(t)|| — uacTHBIE pemenus cucre-

3.1.1

Mbi (3.1.1), To ||z(t)|| = C1l|zq)(t)]|+C2|lz(2)(t)|| Takxke

(HPHHLH/IH €CTb €ee YaCTHOe€ pelieHue ajd JIOOBIX KOMILJIEKCHBIX

cymep- koHcTant C7 u Cs.
TIO3UIINH)
Jloka3aTeabCTBO.

Ecmu ||y (t)|| n ||z 2y (t)|| — sacThbie pemennsa cucremsr (3.1.1),

T0 cupaseausbl pasenctsa |1 (t)|| — [|All[|lzq)(t)] = o] u
1) (DI = 1ALz ) (O]l = [loll , rae [lof| — mynesoit croxGen.
Nmeem

1)) = [[Allllz@)] =

= C1llzqy () [+C2llz2) ()| =CillAll|lz @) () | = Call Allllz @) (8) ]| =
= C1 (I = ANz @O) +

+Co ([l @) (O = Al @)]) = Cillo]l + Callol| = [lo]| -

Teopema gmokazaHza.



CnerctBue MHO>KECTBO BCEX YACTHBIX pPEINeHUU OJTHOPOIHOM
3.1.1 cucrtemsl (3.1.1) oGpasyer JimHeiiHOe IPOCTPAHCTBO.

IJorazaTesnbCTBO.

Ciremyer u3 akCHOMATUKH JINHEHHOTO TPOCTPAHCTBA U TEOPEMBI

3.1.1.

CiemcTBHE OOKA3aHO.



ITpenmonoxum Tereps, 910 || A|| — MaTpuna cucreMsr ypasnemnuit (3.1.1)
—3aJlaeT B N-MEePHOM yHUTapHOM npoctpanctse U™ co cTanapTHbiM 6a3u-
COM JIMHEWHBIN onepaTrop (Tquee, JIMHEHOE Hpeo6pa30BaHI/Ie) A. Hamom-
HUM TaKzKe, ITO HEeHyseBoii snement f € U™ HasbiBaeTcss coOCMGENHbIM
6€KMOopoMm oriepaTopa A, OTBEYAIONUM COOCMEENHOMY SHAMENUIO N\, €CITH
Af = \f. B koopaunarnoit ¢popme (Kak IOKa3bIBAETCA B KyPCe JIMHEHHOMN
asreGpBI) TOCIIEIHEE PABEHCTBO OyJIeT UMeTh BUJL

AN = LA



Otser na Boupoc: «IIpu kakux || f|| 1 A yacTHOE HeTpUBUAIBHOE pelile-

nue cucrembl (3.1.1) ects BexTop-bynkmma ||z(t)| = || f|le*?», naer
Teopema  JIjsi Toro, 4Tobbl BekTOp-byukmus ||z(t)| = | f|eM
3.1.2 SIBJISINIACH YaCTHBIM HEHYJIEBHIM PeIlleHUEeM CUCTEMBbI

(3.1.1), HeoOXOAUMO M JOCTATOYHO, UTOOHI || f|| OBLI
COOCTBEHHBIM BEKTOPOM, & A — COOTBETCTBYIOIIAM
COOCTBEHHBIM 3HaYeHWEM JIMHEHOro mpeobpas3oBa-
HUsI, 3aJaBaeMoro marpurei ||A|| B U”.



IJorazaTenbCTBO.

IIycrs  ||f|| Hekoropwiii Henysesoit crosbern. IloxcraBum

lz()|| = ||flle* B ypasmemme (3.1.1), npuaaB BO BHEMaHEE pa-
d

BeHcTBO — eM = \eM, a Takske 1o, uro M £ 0, mosydnm

2]l = 1Azl < Alflle* = 1Al (1£1leX) < 1A= A -

TeopeMa AJOKa3aHa.



Bosmozknbiit Bu 001I€ro perteHnsi OJHOPOIHON CHCTEMbI JIMHEHHBIX
quddepeHnnaIbHbIX YPaBHEHUN yCTaHABINBACT

Teopema Ilycts B smuHeiitHOM mnpocTtpaHcTtBe U" CyIIecTBY-

3.1.3 er 6asuc {||f|. If@)l, .-, [[fm|]} m3 coberBennBIX
BEKTOPOB JIMHEIHOro npeobpa3oBaHus, 3aJaBaeMO-
ro B HCXoOHOM O0asuce Mmarpuneil ||A|, m mycrs
{A1, A2, ... \p} coorBercTBymOIIE 3TUM COGCTBEH-
HBIM BEKTOpPaM COOCTBEHHbIEe 3HA4YeHUusi (Cpeau Ko-
TOPBIX MOryT ObITH U paBHbie). Torma

= Cillfylle* +Cal flleX*! +. ..+ Cr| fimy "
roae Cq, Cs, ...,C;, — mpou3BOJIbHbIE KOM-
IJIEKCHBIE YNCJIA, SIBJISIETCS YaCTHBIM pellle-
HueMm cucrems! (3.1.1);

— W KaXKJoe 4YacTHOE pelleHne CHUCTEeMbI
(3.1.1) moxkeT OBITH HPEACTABIEHO B BUJIE

Cl||f(1)H€>‘1t +Cg||f(2)H€>‘2t + ... —I-Can(n)HeA"t .



IJorazaTenbCTBO.

CrpaBeyIMBOCTh [IEPBOIO ITyHKTa cJjeayer u3 Teopem 3.1.1 u
3.1.2.

Hoxkaxkem Bropoit nyukr. Ilycrs ||z(t)|| nekoropoe yacrnoe pe-
menwre cucreMsl (3.1.1). Ero 3uauenue upu jirobom ukcupoBan-
HOM t € T MoXKeT ObITh (B CHILY YCJIOBHsI TEOPEMBI) PA3JIOXKEHO B
U™ no 6a3ucy u3 cobCTBEHHBIX BEKTOPOB peobpasoanus || Al|

[z(®)[ = Dr@)[lfy I+ D2l f2)ll+- - -+ D ()| fmy Il - (3.1.2)
IMoacrasum 310 Bhipazkenue B cucremy (3.1.1), mosydum
Di()| fyll + Da® fep |l + - -+ Du(®)llfmy | =

= Di(@I Al Syl + D2 O Al e[| + - - - + Da @A f ) | =
= D)Xl fy | + Da(®)Xell f) | + -+ D) Anll Sy ] -

OTKyZa BBITEKAET PABEHCTBO

(D1()) = ]Dy®) il (Dat) = XaDa(®)) 1 femy | = o]l

Hakomer, B cuity JHHEHON HE3aBUCUMOCTH DA3UCHBIX IJIEMEH-
TOB, U3 3TOT'O CJle/IyeT

Dk(t)—Aka(t) =0 Vk= [1,n] — Dk(t) = Cke)"“t ,

910, B coueTaHnn ¢ paseHcrsoM (3.1.2), naer TpeGyemsbrii dhop-
MAaT 3allUCU PEIIeHUs.

TeopeMa AOKa3aHa.
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Cnencrsue B ycaoBusax teopembl 3.1.3, JuHeiiHOe HpoOCTpaH-
3.1.2 CTBO, O0pa30BaHHOE BCEMH YAaCTHBIMU PelIeHUSIMU
oaHOpOaHOM cucremsl (3.1.1), siBaAsieTCS n-MepPHBIM.

JoxkazaTenbCTBO.

Cremyer u3 ompejejieHUsS KOHEYHOMEDPHOTO JIMHEHHOTO IIPO-
CTPAHCTBa M TeopeMbI 3.1.3.

CrnemcTBUE OOKA3aHO.
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Taknm 06paszom, B TeX Cllydasx, KOTJa U3 COOCTBEHHBIX BEKTODOB JIU-
HeliHOro npeobpaszoBanust A MOKHO obpa3oBarh basuc B U™, obiee pere-
Hue cucremsl (3.1.1) onpegensiercs: Teopemoit 3.1.3.

B kadgecTBe docmamowrbir IPU3HAKOB TAKOW BOZMOXKHOCTH YJO0OHO HMC-
MIOJTB30BATH CJIEIYIONINe, TOKA3BIBAEMbIE B KyPCe JIMHEHHO aaredpbl, Kpu-
TepUu.

N3 cobcTBEHHBIX BEKTOPOB JIMHEHHOTO MPeoOpa30BaHUs MOXKHO 0Opa-
30BaTh 6a3uc B U, ecnu R

— Bce coOCTBeHHble 3HaUeHns A MONapHO Pa3/INYHbI HJIN;
— marpuna ||A|| spmurosckad (re., o = &;; Vi, j = [1,n]) B U"
(unm xke, B citydae E™, cuMMeTpUYecKas).
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Ucnonp3oBanue yTBepKieHns TEOPEMBI 3.1.3 MOXKHO IPOUJLIIOCTPUPO-
BaTh CJIEJYIOIINM IIPUMEPOM.

3azmayga Haiitu obiee perernne crucreMbl JTUHEAHBIX yDABHEHMIA
3.1.1
,’i‘l(t) = .”L'Q(t) + .’L‘g(t),
i‘g(t) = l‘l(t — J?g(t),

)
i‘g(t) = 1‘1(t) — ﬂiz(t).
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Pemenue.

Haiinem cobcTBeHHDIE 3HAMEHNST 1 COOCTBEHHBIE BEKTOPHI JIH-
HeifHOTO IpeoGpa3oBaHusl, 3a1aBaeMoro B U3 MaTpumneit

o1 o1
=] 1 o -1,
1 -1 0

SIBJISFOIIENCST MaTPUIeil JaHHOM cucTembl aud depeHnuaib-
HBIX ypaBHEHU.
CobcTBeHHbIe 3HAYEHUST SIBJIAIOTCS KOPHIMHU XapaKTEPUCTHU-

YeCKOI'o ypaBHEHUd

-2 1 1
det 1 =X —1]=0 = XM-3\+2=0.
1 -1 =X

N ()\+2)()\—1)2 =0, omkyma M =-2, A3=1.
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Pemenune
TIOJIYYEHO .

IIycte cobcTBeHHBIE BEKTOPHI MMEIOT KOODIUHATHBIE IIPE/I-
crapnenns || f| = [|&1 & &7 Kamaptit cobcTBennbIi Bek-
TOP HAXOJAUTCA U3 CUCTEMBbI JIMHEHHBIX ypaBHEHUI

1A= XEN I = lloll -

st cOOCTBEHHOTO 3HAYEHUS A1 = —2 UMEEM
2 1 1 0
&1 _ 26 +&+&=0,
1 2 -1 &L= 0| = €14 26 — &5 =0
1 _1 2 53 O 1 2 3 — )
aro gaer || fyl| = —11 17T
e cobcTBenHoro 3HadeHHd A2 3 = 1, ¥ KOTOPOro Kpat-

HOCTb 2, TIOJIy4aeM

-1 1 1 & 0
1 -1 -1 Ll=||0]|={&-&—-&=0.
1 -1 -1 &3 0

Orxyma || fz)ll = I 1OJ" m || £y = [IL O 1]

Jlerko y0emuTbCsi, 9TO BCe TPU COOCTBEHHBIX BEKTODA JIU-
HeitHo HezaBUCHMBIe 1 obpasytoT 6asuc B U3, Torma, cormac-
HO TeopeMe 3.1.3, obiee pelreHne NCXOIHON CUCTEMBI MOXKET
OBLITH 3aIlCAHO B BUJE

1 (t) 1 1 1
xo(t) || = Ch 1 ([e 2 +Cofl 1 |let+Csl 0 |€,
23(t) 1 0 1

rne Cp, Cs u C'5 — IpOu3BOJIbHBIE KOMIIJIEKCHBIE YHCJIA.
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Ecmn maTpuia ncxomHoit cucTeMbl ypaBHEHU BeleCTBEHHA, TO U3 00-
IIIeT0 KOMILJIEKCHOT'O PelleHUs] MOXKHO BBIJIEIUTh BelleCTBEHHBIE PeIlleHusI.
B sTom cityvae HeBelecTBEHHbIE KOPHU XapaKTEPUCTUIECKOTO YPaBHEHUS
MIOMTAaPHO KOMILIEKCHO COIIPsi2KeHbI. KOMILIEKCHO CONPSI?)KEHHBIMU TTPUA 3TOM
OKayKyTCs W COOTBETCTBYIOIINE TAPhI pelIennii, Bxosime B basnc. Kax-
VIO TAKYIO TIAPY CAEIyeT 3aMEHUTDH JABYMsSI BEKTOP-(PYHKIUSIMU, SIBJISIO-
IMUMUCS BEIEeCTBEHHOW W MHUMOM YacTbIO OHON M3 BeKTOP-(pyHKITHI wmc-
XOJIHOI TIaphl. 1O eCcTh MPOIE ypa ITOrO BBIJACIEHUSI B TOUYHOCTH COBIIAIAET
C METOJOM, M3JIOXKEHHBIM B § 2.4, 38 UCKJIIOYEHHEM HEKOTOPBIX TeXHUJe-
CKUX JAeTaJieil, JIJid UJLIIOCTPAIUU KOTOPBIX JIOCTATOYHO PACCMOTPETh KOH-
KPETHBII IIpUMep.

3amaua Haitt obimee BelecTBEHHOE pEIIEHNE CUCTEMBI JTHHEHHBIX
3.1.2 YpaBHEHU

() = o) — x(t) — ws(b),

i‘g(t) = xl(t) + X2 t),

.i‘g(t) = 3$1(t) + xg(t).
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Pemenue.

Haiinem cobcTBeHHDIE 3HAMEHNST 1 COOCTBEHHBIE BEKTOPHI JIH-
HeifHOTO IpeoGpa3oBaHusl, 3a1aBaeMoro B U3 MaTpumneit

~ 1 -1 -1
A=) 1 0
30 1

CobCTBEHHBIE 3HAUEHUS SIBJIIOTCST KOPHSIMU XapPAKTEPUCTHU-
YEeCKOr'o ypaBHEHU

1-x -1 -1
det 1 1-X 0] =0= (1-N)>+4(1-)) = 0.
3 0 1-2X

Um (A1) (A —1)*+4) =0, orkyma A1 =1, Ay 5 = 142i.

IIycTe cobecrBEeHHBIE BEKTOPHI MMEIOT KOODJIMHATHBIE IIPE/I-
crapnenns || f|| = [|& & &)|T. Torma xaskawtit cobersen-
HEIIl BEKTOP HAXOANTCA U3 CHCTEMBI JTHHEHHBIX ypPaBHEHUH
[ A= XE[[I£]] = llo] -

st cOOCTBEHHOTO 3HAYEHUA A1 = 1 mMeeM

0 -1 -1 & 0 B

1 0 0 & =10 :{52;&”_0’

3 0 0 & 0 ="
aro maer || fyl =10 1T —1||T.

Hast Ag 3 = 1+ 2¢ 10cTaTOYHO HANTH JIUITH OJWH COOCTBEH-
HBIA BEKTOP, HAIIPUMED I Ao = 1 + 2¢, TOCKOJBKY IpPyTroit
JIOJIZKEH OBITH €My KOMILIEKCHO COIPSI?KEHHBIM.
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Nmeem

-2 -1 -1 & 0 L
1 -2 0 &L|=|o :>{ 3551 :221552 :00.
30 —2 & 0 1 S

Orkyma || fo)ll = 126 1 3|7 u || f)ll = | = 2¢ 1 3||T

Bce Tpu coGCTBEHHBIX BEKTOpA JIMHEHHO HE3aBUCUMBbIE (IO-
CKOJIBKY COOCTBEHHbIE 3HAUEHUSI IIONIAPHO PA3JIMYHbI) U 00pa-
sytor 6azuc B U? . Cormacno Teopeme 3.1.3, obiee perenne
HCXOJTHON CHCTEMBI MOYKET OBITH 3AIlNCAHO B BUJIE

I (t) 0
To (t) = Cl 1 €t+
3?3(75) -1
2 —2i
10| 1 ||+t Ly 1 ||e-20t,
3 3
rae Cp, Cy u C3 — npOU3BOJIbHBIE KOMILJIEKCHBIE IIOCTOSTHHBIE.
24
HOycrs ®(t) = || 1 || 20t = Re ®(t) + i Tm ®(t). Haiizem
3

Re ®(t) u Im ®(t). Vcnonp3oBaB mpasuia JIEHCTBH ¢ MaT-
puriamu 1 GopMyity ilrepa, Moy InuM

0 2
D(t) = 1 |+2] 0 et (cos 2t + isin2t) =

3 0
0 2

= 1 |lefcos2t—1 0 |letsin2t | +
3 0
0 2

+i 1 |[e'sin2t+ || 0 || efcos2t
3 0
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Pemenune
TIOJIy4eHO .

W, crpynmupoBaB MO00HBIE UIeHBI, HAMIeM

—2sin 2t 2cos 2t
d(t) = cos2t ||e'+i| sin2t |le*,
3 cos 2t 3sin 2t
9TO JIAET
—2sin 2t 2cos 2t
Re®(t) = cos2t || um Im®(t) = sin2t |let.
3cos 2t 3sin 2t

Temepnb ob1IIEE BEITECTBEHHOE PEITEHNE MOXKET ObITH 3aITMCAHO
B BUJIE

I (t) 0
To (t) = R1 1 €t+
I3 (t) -1
—2sin 2t 2cos 2t
+ Ry cos2t || e’ + Rs3 sin2t || e,
3cos 2t 3sin 2t

rme Ry, Ro m R3 — IpOW3BOJIbLHBIE BEIIECTBEHHBIE TOCTOSIH-
HBIE.
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