JluHeiiable ypaBHEHUs BTOPOTO TOPS/IKA C Te-
peMeHHbIMU KO3 duitmeHramMmn

HaHOMHI/IIVI, YTO MBI pacCMaTpUuBaeM JUHEWHbIE OJTHOPO/IHBIE YpaBHE-
HUA BTOPOro IIOPAIKa BHIA

as(t)§ + a1 (t)y + ap(t)y =0, (5.4.2)

rue dyukuuu ag(t), ai(t), az(t), t € Q meupepniBHO AuddepeHnupyemMbl
u as (t) 75 0.

Mper nokaszasam, uro ypasaerue (5.4.2) Bcerga MOXKeT ObITh IPHBEIEHO
K BUJLY
§+ao(t)y =0,

HE COMIEPIKAIIEr0 CJIAraeMOTro C TEPBOM MPONU3BOIHOM OT UCKOMOM PYHKITAM.



st 9TOrO ypaBHEHUS CIPABEIINBA

Jlemma Bcsikoe HenysneBoe pemenue ypasHenus (5.4.1) Mo-
5.4.1 JKeT UMeTh JINHIIb KOHEYHOe YUCJIO HyJIell Ha JIIo6oM
KOHEYHOM OTPE3KE.

IJoxkazaTenbCTBO.

IpeonoxuM, aro Hempusuasvroe (To ectb y(t) Z 0) Hempe-
poiBHO suddepennupyemoe pertenue ypasaenus (5.4.1) ume-
er Ha OTpe3Ke [«, 3] GecKoHeuHOe YUCJIO HyJeil, U3 KOTOPBIX
MOKHO 00pa30BATH IHUCJIOBYIO IIOCJIEN0BATEILHOCTD {ty, }. Dra
[OCJIEIOBATEILHOCTD OTPAHMYEHHAS W 110 TeopeMe BoJbIano—
Beiieprrpacca uMeeT IpesiesbHy 0 TOUKy t* € [a, §]. B Hamem
cirydae 6€3 OrpaHMYeHUsT OOITHOCTH MOYKHO CYHTATDH, 9TO

lm t, = t*. (5.4.4)

m—o0

IMockonbKy y(t) menpepbiBaa, To lim y(t,) = 0= y(t*).
m—0o0

C apyroit croponsl, B cuiny Y(tm,) = y(tm+1) = 0 no Teopeme
Posuts Mex ity TouKaMu t,, ¥ t,41 Haligerca Touka 6, Takasd,
aro §(6,,) = 0. Torma ayis HenpepsiBHO juddepennupyeMoit
y(t) u3 (5.4.4) caenyer, aro §(t*) =0.

U3 yenosuit y(t*) = 0 u y(¢*) = 0 mo Teopeme eMHCTBEHHOCTH
perenns 3ajauan Komm monydaem, aro y(t) = 0 Vi € [a, 8].
OHAKO 9TO IPOTUBOPEUUT YCJIOBUIO JIEMMBI.

JleMMa Imoka3aHa.



Teopema
5.4.1
(IItypma o
CpaBHEHUH)

Ilycth t1 u t3 coceiHUE HECOBIAAAIOIINE HYJIN HEKO-
TOPOr0 HETPUBUAJIBHOTO PEIeHUs ypPaBHEHUS

i+ ao(t)y =0 (5.4.5)
u myctb dpyukumu ag(t) u Ag(t) HenpepbIBHBI U Ta-
KOBBI, 9TO Ag(t) > ag(t) Vit € [t1,1s].

Torzna so6oe HeTpUBHAIBHOE peleHue z(t) ypaBHe-
HUA
Z4 Ao(t)z =0, (5.4.6)

uMeeT HyJIb XOTs Obl B OHOU TOYKe oTpe3Ka [t1,1ls],
pu 3ToM OHO Jubo obpalnaercss B HyJb Ha (t1,12),

Jmnbo
{ Z(tl) = Z(tg) = 0,
Ap(t) = ap(t) Ha [t1,ts].



IJorazaTenbCTBO.

Iycre y(t1) = y(t2) = 0 u, kpome Toro, y(t) # 0 Vi € (t1,t2).
Bes norepn 06IIHOCTH TaKKe CIATAEM, YTO HA STOM HHTEPBAJIE
y(t) > 0 (nnage moxxHO B3aTH pemtenHune —y () ). Torma

) = 1m 29 g

. ()
= >
y(t1) lim 0 yHm s

t—t1+0t —t] —
B cuiy TeopeMbl eIMHCTBEHHOCTH 3TH TIPOM3BOIHBIE HE MOTYT
ObITh HysteBbIME 1 IoTOMY ¢(t1) > 0 m ¢(t2) < 0 (uHAUe pemeHne
HOJTyYUJIOCH GBI TPHUBUAJILHBIM ).



ITycrb z(t) — HEKOTOPOE HETPUBHAJIBHOE DeIleHHe ypPaBHEHHUsI
(5.4.6). YmuOxKas o6e yacru ypasrenus (5.4.5) Ha z(t), a obe
gacru (5.4.6) — na —y(t) U CKIaABIBAS UX OWICHHO, IOy INM

o — 2y — <Ao<t> - aou))y(t)z(t) .

IIpubasiss u BeIYUTAS J £ B JIEBOU YACTH, HOJYIECHHOE DABEH-
CTBO MOKHO ITpe00Pa30BaATh K BUILY

%= 29) = (Aalt) ~ aa(0) ) (0100,

VHTerpupyst 910 paBEHCTBO B IIpe/ieax OT t JI0 o U YIUTHIBAs,
qro y(t1) = y(t2) = 0, momydaem

ta

Y(t2)z(t2) — y(t1)z(t1) =/<Ao(t)—ao(t))y(t)3(t) dt. (5.4.7)

ty



ECJTI/I IpearnoJIO2KUThb, YTO TeopeMa I_[ITpra HE€ Be€pHa, TO
JAO0JI2KHa PeaJin30BaTbCsA OJHa U3 CJICAYIOININX TPEX BO3MO2KHO-
cTeil:

1°. Z(t) >0 Vte [tl, tQ] .

2°. Z(t) >0 Vte [tl, tg), Z(tg) =0.

3°. Z(t) >0 Vte (tl, tg], Z(tl) =0.

Ipasag uacthb paBercTsa (5.4.7) BO BCeX TpeX CJlydasiX OYeBUI-
HO HEOTpHUIIATeJIbHAas, B CUIY

A()(t) > ao(t), y(t)Z(t) >0 vt € [tlatQ] )
a JieBast — OTPHUIATENbHAsI, OCKOIbKY y(t1) > 0, y(t2) < 0 m
|z(t1)] + |2(t2)| > 0, a 2(t) = 0 wam B TOUKe t; WK B t3. ITO
OPOTUBOPEYNE MTOKA3BIBAET, UYTO [EPBOE YTBEPIKICHNE T€OPEMBbI
HITypma BepHO.

Haxkonern, npu z(t1) = z(t2) =0 u3 (5.4.7) B city HenpepbIB-
woctu Ag(t) —ag(t) > 0 cremyer Ag(t) = ao(t) va [t1, ta).

TeopeMa JOKa3aHa.



Cnepcrteue Ha orpeske, rae ag(t) < 0, gr0060e HeTpuUBHAIBHOE
5.4.1 pemtenne y(t) ypasuenus (5.4.1) moxker oGparurbcs
B HYJIb He 0oJiee, YeM B OJITHOI TOYKE.

,Z[oxas aTeJIbCTBO.

IIpumenmm Teopemy IllTypma K mape ypaBHeHUTit
j+at)ly=0 m  EZ+0z=0.

IIpemonozkuM, 94TO IIEPBOE U3 HUX MMeeT Ha §) 110 KpaiiHeil Mepe
JBa Hyas t1 < to. Torga B cuity ycaosusi ag(t) < 0Vt € Q
KazKJI0¢ HeTPUBUAJLHOE DEIIeHNe BTOPOr0 yPABHEHUS B CHILY
reopeMbl 5.4.1 06g3aH0 UMETDH XOTs ObI OJMH HYJIb Ha [t1, La].

OzHaKo JIerko BujeThb, 4ro z(t) = 1 — HeTpuBHAaJIbHOE PelleHre
BTOPOI'O ypaBHEHHs — TAKOro Hyss He uMmeer. CJieJJ0BATEIILHO,
IIPE/IIOJIOXKEHNE O TOM, YTO IIEPBOE YPABHEHHE MOXKET HMETh
6oJtee OJTHOTO HyJIsI, HE BEPHOE.

CrencTBrUe IOOKAa3aHO.



CrnezncTBue B mpomexxyTke MexXKJy JIOOBIMU OBYMS COCE]I-

5.4.2 HUMW HYJISMH OOHOTO U3 ABYX JIMHEHO He3aBU-
(0 cumbIx pereHuii ypasaenusi (5.4.1) coxmepkurcs
JepezmoBa- POBHO OJIUH HYJIb APYT'Or'O peIleHus.

HUM Hyeii)

,HOKaS aTeJIbCTBO.

[Tycrb y1)(t) 1 y(o)(t) Mmaneiino He3aBUCHMbIC, HETPUBHAIBHBIC
perernst ypasaenusi (5.4.1). Ilpumennm teopemy IllTypma
rnape ypaBHEHUN BUAa

Jaytao®)yay =0  m o) +ao(t)ye =0.
(Mbr bopmasbHO nostoxkun ag(t) = Ag(t) ) .

Ecmu t; u ty cocemnme HecoBmamaionue HYJIU MIEPBOIO ypaB-
HEHUsI, TO MEXKJ[y HUMH UMEETCs XOTs Obl OJUH HYJb BTOPOIO
ypasuenns t*. Obmux myneii y y(1)(t) u ye)(t) 6b1TH HE MO-
xet. Jeficreurenbro, ecu, Hapumep, y(1)(t*) = ye) (t*) = 0,
T0 Bponcknan W (t*) = 0 u pemrenns y(1)(t) n y(2)(t) mmeiino
saBucumble. [Tosromy t* € (1, t2).

Ocraercst JI0Ka3aTh, 910 t* equHCTBEHHOE. [Ipe nookumM, 4To
CYIIECTBYeT TaKxKe t** Takoe, 4TO

Yoy (t™) =0, t <t" <t <ty.

Torga no Teopeme Itypma y y(1)(t) o/KeH IMeTbCa Hy b Ha
(t*, t**), 9TO HIPOTHBOPEUUT IIPE/IIIONIOKEHUIO O TOM, YTO {1 U
ty cocesmue Hymu pemenns yq(t). Sunaumt t* = t**.

CrnemcTBue OOKa3aHO.

OTMmeTnM, 9TO I TUHEHHBIX YPABHEHNH TOPSIKa OOJIBIETO, T€M JBA
(n > 2), cnencrBue 5.4.2, Boobiie rosopsi, He BepHo. Hanpumep, jyis ju-
HelfHO He3aBUCHMBIX pemrenmii y(1)(t) = sint u y)(t) = 1 ypasuemnus
Y 4+ y = 0 uepenoBaHuUs HyJIeH HET.



Cnencreue Ecim HekoTOpoe HeTpUBHAJIbLHOE pellleHUEe ypaBHe-

5.4.3 Hus (5.4.1) numeer GeCKOHEYHOE YMCIIO HyJiell, TO u
Ka’kK/J0€e ero HeTPUBHAJIbLHOE pellleHne nMeeT 6ecko-
HEYHOE YWCJIO HYJIE.

JlokazaTenbCTBO.
BriTekaeTr HemocpeacTBEHHO U3 YTBEPXKIEHUS CIeJACTBUSA 5.4.2.

CremcTBHue IIOKA3aHO.



Uccnenopanme perennit audpepeHnuaabHbIX YPaBHEHUH Ha MPAKTH-
K€ OCJIOXKHSIETCsI TeM OOCTOSTEeJIbCTBOM, UTO MAJIble M3MEHEHWs] B 3alll-
CH ypABHEHUsI WK B JIONOJHUTENbHBIX YCIOBUSAX (HAYAIBHBIX, KDAEBBIX U
T.J1.), BOODIIE MOBOPsl, MOT'YT IPUBOUTH K HE MAJIBIM U3MEHEHUAM B PEIlie-
HUSIX.

B 91ux cilydasx NPUHSITO FOBOPUTH O HEPErYJISPHOCTU (HEKOPPEKTHO-
CTH) TIOCTAHOBKH 3aJaui, a CAMW MaJible M3MEHEHUsI yCJIOBUH HA3bIBATH
CUNLYAAPHBMU BO3MYUWEHUAMU.

XoTs n3yveHure CBOWCTB TaKUX 3aJ1a9 M METOJIOB UX PEIIeHUil He SBJIs-
€TCsi COCTABHON YaCTBIO HAIIETO KyPCa, BBUIY BAXKHOCTHU UX JIJIs TPUJIOXKE-
HUI TIPEJICTABIISETCS I1eJIeCO0DPA3HBIM PACCMOTPETh KOHKPETHBIN IIpIMep
3aJ1a90 COJIEPXKAIIEl B CBOEM YCJIOBUHU CHHTYJISIDHOE BO3MYIIEHHE.
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3amava
5.5.2

Haiitu y(t, &) — pemenue KpaeBoii 3aa4u, rje € — MaJiblii 110
Motystto apamerp u t € [0, 1],

eij+9=F(t), (5.5.11)
apu YC.HOBI/IHXZ
y(0)=1 u y(1)=2 (5.5.12)
TJIsT
a) F(t) =2,
6) F(t) =1

11



Pemenue.

1°. PaccemorpuM BHavase caydait F'(t) = 2.

KopHAME XapaKTepHCTUIECKOro ypaBHeHust A + \ = 0,

ABIAOTCA ducaa Ay = 0 m Ay = —— , u obIee perenne
€

OJIHOPOJTHOT'O ypaBHEHUS OyIeT

t
y(t,e) = C1 + Coexp <€> .

TockonbKy Jyist A; = 0 MbI IMeeM Pe30HAHCHBII CJIyJaii,
TO B Ka4eCTBe YAaCTHOIO DeIleHHs HEOJHOPOJHOIO ypaB-
Henus (5.5.11) moxknO B3aTh dyHKIMIO Y(t) = 2¢. Torga
ero obrree perenne OymeT

t
y(t,e) = C1 + Cyexp <—E> +2t,

rae C7 u Cy — Ipou3BOIbHBIE KOHCTAHTEL.

Pemum Temreps kpaeByio 3amaty. s onpeneneHus 3Ha-
gennit koHcTaHT Cp u Cy UCIOJIb3yeM KPaeBble YCJIOBUS
(5.5.12), U3 KOTOPBIX CJIEIYET, ITO

C; + Cy = 1,
1
Ci + exp <€> Cy+2 = 2.
OrKyma mosrygaem

1 1
Ci=——— COy=

1
1 —exp <6>

12



U HAXO/IUM peIlleHre KPaeBoil 3a1a9n

2°.

1 1
+

t
y(t,e) = exp (—) +2t,
1 1 3
1 —exp () 1 —exp (—)
€ €

roe t € [0, 1].

Wccneayem Temeph BUI HANWIEHHOTO PEIIEHUsT KPAEBOM
3amaqu. meem npu € > 0

i(t,e) = ! ! i
Yy, e) = 1 _Eexp _E )
1 —exp

Orkyna caexyer, aro §(t,e) = 0 upu

a1 (1))

A Bropas npomssognas §j(t,e) > 0 vVt € [0,1] . Cuezo-
BaTesibHO, GyHKIHMA Y (, £€) CTPOTO BBITYKJIa BHA3 W IMEET
MuauMmyM Ha unTepsaje (0,1) .

I'pacduxu byakunit y(t, ) s
e =0.25, 0.1, 0.01, 0.003

MOKa3aHbI Ha, puc. 1.

UccaenoBanne npu € < 0 cBOAUTCS K y»Ke PACCMOTPEH-
HOMY CJIy4alO IIPUA IOMOIIM 3aMeHBbI IIepeMeHHO ¢ Ha —t.
I'paduku byakunit y(t, ) s

e=-0.25, —0.1, —0.01, —0.003

TaK:Ke TPUBEJeHbI Ha puC. 1.
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3°. OrMmeruM BaKHBIN (DAKT, CIACAYIOMNAN U3 MIPEIBLIYIIETO
paccMOTpeHus:
IpeesIbHBIN Tepexot € — (), BBIIIOJIHEHHBI B peule-
nuu 3amaqan (5.5.11)—(5.5.12) upusoguT K pesysbrary,
OTJINYAIOIIEMYCsI OT PE3YJIbTATA MPEJIETHFHOTIO TIePeXo-
Ja B YCA08UY, 9TOU 3ala4dul.
HeticrBuresnbho, ecau B ypashenuu (5.5.11) mosoxurhb
¢ = 0 u ocraBuTh JuIb OnHO Kpaesoe yciosue y(0) = 1,
TO MBI TIOJIY9IUM PeIeHue JIJIsl yPaBHEHNs IEPBOTO TTOPST-
ka y =1 Buga y(t) = 2t.
Dra DYHKIUS SIBJISIETCS PEINIEHUEM COOTBETCTBYIOIIEH 3a-
naun Komm mirs ypasuenus ¢ € = 0. Ilpu atom pemrenne
UCXOIHOTO ypaBHeHUs Y(t,€) CXOAUTCS K PEIICHUIO 3a/1a-
au Komn ma Beem mosyunTepsade (0, 1], Ho HEpaBHOMED-
HO.

Jannoe perenne OyzerT OJM3KO K PEIIEHUIO 33189
(5.5.11) —(5.5.12) Be3ze ua orpeske [0, 1], 3a nckoueHn-
eM MaJIoit OKpecTHOCTH TOUKHU t = 0, Iyie perienus: OyayT
3HAYUTETHHO OTINIATHCS.

DTy OKPECTHOCTb IPHUHATO HA3BIBATDH NO2PAHUNHBLM CAO-
eM, & OTMEUYEHHOE Pa3JIndne PereHuii — nogedenuem mu-
na noepanu 020 cron. Maremarmdaecku mpupoaa 3 dex-
Ta TOIPAHUIHOIO CJIOS BIIOJIHE OYEBH/IHA: BO3MYIIEHHOE
ypasHerue (To ecth ypasHenue (5.5.11) ¢ € # 0) ectb
ypaBHEHHE BTOPOI'O IOPSIKA, B TO BPEMsl KaK HEBO3MY-
[EHHOE SIBJISETCS YPABHEHUEM IE€PBOrO MOPSIKA, Pellle-
HUsI KOTOPOT'O MOTYT HE YJIOBJIETBOPSTH JBYM Pa3JINIHBIM
KPAEBBIM YCJIOBHUSIM.
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B sakioduenune obpatuM BHUMaHUE Ha TO, ITO

BO-TIEPBBIX, 3(DDEKT MOrpaHUIHOrO CJIOSI BO3HUKA-
eT He 1pu J060M Bo3Mmyliennu. Hanpumep, B ciiy-
qae 6) npu F(t) = 1 (mpoBepbTe 9T0 CAMOCTOSITEI b~
HO) DeIlleHue HEeBO3MYIIEHHON 3aJadu MMEeT BHIL
y(t) = t+ 1 u aBasIeTCst KaK perieHueM KarKJoi 13
JIBYX HEBO3MYIIEHHBIX 3a71a4 Kol ¢ HagaabHbIMI
yemosusimu y(0) = 1 u y(1) = 2, Tak u perennem
KpaeBoii BO3MYIIEHHOM 3a/1a9u [IpU JIFOOOM €.

U, Bo-BTOPBIX, ITOTPAHCIION 00pa3yercs y PerneHns
Pemenwue y(t, €) B pasHbIX MecTax orpeska [0, 1] mpu pasabIx
HIONyYeHO . IIpeJieJIbHbIX Iepexojiax: € — +0 u ¢ — —0.
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Puc. 1. I'padukn pemennit kpaeBoit 3a7a4u JJjis PA3JIUIHBIX €.

16



