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93JIEMEHTBI BBIITYKJIOT'O AHAJIM3A

3.1. IIpoexuusi 3jeMeHTa HA TOIMHOKECTBO

OnpenesieHue
3.1.1

o 0 n
Ipoexyueii snemenma X € E" na ewinyxnoe noommo-
acecmso € — E" waspiBaercst anement X € () Taxoii,

4TO ‘xo —x|=i1nf
xeQ

0
X —x‘

HeOTpI/IIIaTeJ'ILHOG YHUCJIO p = lnf
xeQ

0
X _x‘ Ha3bIBacCT-

0
CA paccmosrnuem om sjiemenma X~ 00 noomHoscecmea

Q.
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OCHOBHBIC CBOWCTBA MPOEKIMI U PACCTOSHUHN OT 3JIEMEHTA 10 MOJAMHOXKECT-

BaB E" Moryr 6bITh cHOPMYIIHPOBAHBI B BHIE CIEIYIOIIUX TEOPEM.

Teopema  Jlusi J1060T0 BBLITYKJIOT0 3aMKHYTOro MHoxkectBa () C E”
3.1.1 0 n .
u so6oro y1ementa X € E" cywmecmeyem eouncmeennwiii

- . L 0
ynement X € (), spasommiics mpoexuueii X ua £2.

JJoxkasaTeslbCTBO.

JoxaxeM cyujecmeoganue MPOSKIHH.

0 =0
Ecm x €Q,roXx=x u p=0.

0 .
HyCTL Tenepp X & Q 1 CYyHIECTBYET YUCIIO p = lnf XO — X
xeQ

IO OIMpCACICHUIO TOYHOM HIDKHEH rpaHd CYHICCTBYCT OTIpaHUYCHHAA

, TOr;a

nocje10BaTCIIbHOCTh 3JICMCHTOB {xk} c Q TakKas, 4To

: 0
lim| x —xk‘zp.
k— ol

1
Hanpuwmep, 1i1s kotopoit P < ‘ x’ - X, ‘ <p+ % .

Ho, cormacno teopeme boabuano—Beliepmirpacca, U3 OrpaHHYEHHOI
MOCTEJ0BATEIBHOCTH MOXHO BBIICIUTH CXOAAIIYIOCS IMOANOCIEN0BA-

TenpHOCTL {X, } C Q).

Ecmm IIpu 3TOM limxkb =X, TO B CU1y 3aMKHYTOCTH Q QJIEMCHT
i—o0 !

- 0
X € (), v 11 HETO CTPABEIMBO PABEHCTBO L = ‘ X —X ‘ . To ecrs,

X — mpoekuus x’ua Q.
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[ToxaxkeM Temnepb, 9TO MPOEKIUS eOUHCINBEHHA.

0
bes OTpaHUYCHUA 061HHOCTI/I 6y;[eM cyurTaTth, 4YTO X = O, U IPEaANo-

JIOKAM IPOTHBHOE: IIyCTh B Q CyMICCTBYIOT HCPABHBIC DJIEMCHTBI X; U
X, , AJI1 KOTOPBIX ‘xl ‘ :‘xz ‘ =p0.

X, + X, X —X,
PaccmotpuMm nBa snemeHra: Yy =———> W Z=——", JIId

2 2

KOTOpBIX O4eBnuHbI paBeHctBa X, = V+2 n (),z)=0. Torna
2 o 2 2
P’ =(x, %) =(y+zy+2)=|y| +|z|

2 2
M, CJEN0BATENLHO, ‘y‘ < 0, TOCKOJBKY COIJIACHO CHEIaHHOMY

MPEAIIOIIOKEHUIO Z # 0.

HaxkoHel, yuuThIBas, 4TO B CHITy BeIykinocTd (2 smemeHnt
X, +X
1T X
= 5 eQ,

MPUXOINM K MPOTHBOPEUHIO C ompeneneHneM 3.1.1, 9To u qokas3pIBaeT
€IMHCTBEHHOCTD TIPOEKITHH.

Teopema pmokasaHa.
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Teopema Jast Toro 4ro0bl 21emMenT X € () sIBAs/ICA NpoeKuueii de-

3.1.2 0
MeHTa X Ha BBINYKJIOe 3aMKHyToe MHOxkecTBO (), HeoO-

XOAHMO M JOCTATOYHO, YT00bI VX € () BHINOJIHAIOCH He-
PaBEeHCTBO

(x—x,x"=x)<0.

JJokasaTesnbCTBO.

JlokaxkeM Heobxooumocme.

- 0
Iycts X € Q —mpoekuus X na ), Toraa sneMeHT

y=ax+(l-a)xeQ, VxeQ upu Va €[0,1].

I[J'I}I OTOTO JJICMCHTA CIIpaBCAJIMBA OLICHKA

0

2y =[x (ot (- w)n)| =

=" ~0)-a(x-0)| =
0 ‘2

:‘x -X —20c(x°—x,x—7c)+a2\x—ﬂ2.
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2
‘ . A 5TO B CBOIO

2
B cuny onpenenenus 3.1.1 ‘xo —y‘ Z‘XO -X
odepesb 03HAYACT, YTO
2
—2a(x’-x,x-¥)+a’|x-x[ 20  Vae[0]l].
‘2

2
- 0 0 -
Ipu @ =0 y=X T.€. HEPaBEHCTBO ‘x —y‘ Z‘x —X| . oye-

BHUJTHO BEPHOE.

Hycrs & € (0,1], Torna umeem
(x° —x,x—x)s%\x—x\z Va e (0,1].

31ech neBas 9acTh HEPABEHCTBA OT (Y HE 3aBHCHUT, a IIPaBasi CTPEMUT-
cs1 k Hymto npu & —> +0.

IMockonbKy HECTpOrHe€ HEPaBEHCTBA COXPAHSIOTCS MPU IpeAeIbHOM
nepexoie, To MoJTyyaeM npu GUKCHpoBaHHOM X € (2

x'-%x-X)<0 uym (x-Xx,x"-X)<0.
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JlokaxkeM docmamoyurocme.
Mycts VX € (2 cnpaBeainBo HEPaBEHCTBO
(x-x,x"-x)<0.
Tor,ua CIpaBcjiMBa OLICHKA
0l? - N
‘x—x ‘ :‘(x—x)—(x —x)‘ =
2
:‘x—fc‘ —2(x—x,x" —)*c)+‘x° -X

- o 0
CHQHOB&TGHBHO, 3JIEMEHT X € Q SIBIIETCST IPOEKLMEN DIIEMEHTA X

Ha Q).

Teopema nokasaHa.
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3.2. YcjoBusS OTAEIUMOCTH BBINNYKJIBIX NOAMHOYKECTB

Ompemenenve  Hemycroe muoxkectBo (2, 0GpasoBaHHOE M3 DJIEMEHTOB

3o2.1.

JuHelHOrO npoctpancTBa A, HaswiBaeTcs noonpocmpan-

CMBOM 3TOTO JIUHEHHOTO MIpOCTPAaHCTBA, €CJIN IJId JIFOOBIX

X,y € Q u mo6oro uncna A
1) x+yeQ,
2) A e Q.

Onpenesenre  \yoxectBo |, 06pa3oBaHHOE M3 IEMEHTOB BUaA X + 3 ¢

3:2:25

rae X, €CThb NPOM3BOJIBHBEINA (DMKCHPOBAHHBIH 2JIEMEHT JIH-

HeiHoro npoctpanctBa A, a X — 1000t 3IEMEHT HEKOTO-

poro noanpoctpadcTsa 2 C A, HasbIBaeTCs cunepniocko-
cmoro (MWW TUHEUHbIM MHO2000pa3uem) B JIMHEHHOM IPO-

crpancTe A .
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ITpu mocTpoeHN 1 0O0CHOBAHUH PA3IMYHBIX METOJIOB MUCCIIETOBAHUI Ma-

TEMATHYCCKUX Moz(eneﬁ B En BAXXHYIO POJIb UT'PAlOT CICAYIOIINUC TCOPEMBI.

TeopeMma Hycrs QQ C E” — Bhinykioe 3amMkHyToe MHOKecTBO. To-

3.2.1 rma Vx' ¢ Q CYLIECTBYET 0mOensi0uds TUNEPIIOCKOCTH

(Lx=x")=0 ¢ [#0

rakasm,aro ([, x—x")<0 VxeQ.

JJokasaTesnbCTBO.

= . 0
ITycth aeMeHT X sBasercs npoekuueii snementa X Ha (). Bribe-

0

pem runepmiockocts ([,Xx —x") =0 ¢ HenynesbiM (B CHIy TIpOU3-
0 . 0o =

BomsHocTH X & Q) [ =X —X, Torma, MCHONB3ys YTBEpIXKICHHE

TeopeMsl 3.1.2 1 paBEeHCTBO

x—x'=(x-x)-1,
Mojy4yacM OLCHKY

(lax_xo): o _ o
=(x"—xx-x")=(x"-x,x—x)—(1,1)<0,

Tak Kak [ # 0 .

TeopemMa nokaszaHa.
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TeopeMma Hycrs QQ C E” — Bhinykioe 3aMkHyToe MHOKecTBO. To-
3.2.2 r7a JUis J11I000ro rpaHuYHoOro 3J1eMeHTa X 3TOr0 MHOKeCT-
BAa CYHIECTBYET OHOPHAA THIEPILIOCKOCTh

(ILLx-x)=0 ¢ l#0

TaKasi, YTo (LLx—-x)<0 VxeQ.

IlokaszaTesbCTBO.

CornacHo OIpe/IeeHNI0 IPAaHUIHOTO dIeMenTa MHoxkectBa Q C E”
CYILIECTBYET MOCIIEIOBATEIIEHOCTh 3JICMEHTOB {x( k)} TaKUX, 4TO:
o re) .
1°. Xy & Q Vi,
2°. limx,, =x;
koo ) ’
ITo Teopeme 3.2.1 mus kakgoro Kk cCymlecTBYeT THIEPIIOCKOCTB

0
(l(k):x - X(k)) =0 Takas, gro:

X —X
o )
3°. g —‘

x(k)—x

4% (lgy)x— x(ok)) <0 Vx e, orkyna cieayer, uro
0
Upy»X—X3) <0 VxeQ
B cuny mpesmonokenns o cxomumoctH {X,} Oyzer cxomurbes u
{4} - Tycrs lim [, =1, Torna, npusnmas Bo BHUMaHHE, YTO Mpe-
k—o©

JICNBHBIN TIEpexXo]l He HapyllaeT HECTPOTMX HepaBeHCTB (Teopema "o

08yx noauyetckux"), u3 lim(l( KX~ x(o k)) <0 mnomyuyaem
—0

(LLx—-x)<0 VxeQ,

10 ecthb runepiuiockocts  (/,Xx — X) = 0 — onopuas.

Teopema noxkaszaHa.
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(1x)=(13)

11
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U3 kypca BBITYKIIOTO aHalI3a U3BECTHO, UTO:

1°0 Bem Qc E" — Bemykioe MHOKeCTBO, To MHOXecTBa (2 u

intQ rapsxe BBITYKJIBL.

n
2°. Ecm QcC E" u © C E" — semykisle MHOKECTBA, TO MHOXe-
cTBa

Q+tO={xeE":x=x,%x,,Vx,€Q,Vx, €0}

TAK’KE BBIITYKIJIbI.

Teopema Hyete QC E" m @ C E" — Boimykiable MHO-

3.2.

3
JKeCcTBa Takue, 4To Jawbast BHYTPCHHAHA TOYKa Q

(O pasznensan—

e He mpunamaexut O . Torma cymecTByer pasne-
runepniocko—  Jsiomas Muoxecrsa () u © runepmiockocrs
CcTHn)

(LLy—-x)=0 ¢ [#0

Takasi, YTo

(l,y—=x)<0, VxeQ un VyeO.
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JJokasaTeslbCTBO.

Paccmotpum MuOkecTBo @ —int€) |, cocrosimee u3 snemenToB Buaa
y—x,VxeintQ u Vy € ©®. D10 MHOKECTBO BBIMYKIOE U HE CO-
JIEPIKAT TI0 YCIIOBHIO TEOPEMBI HyJIEBOTO IIEMEHTA.

Torma B crmy Teopem 3.2.1 m 3.2.2 Ist KaXJI0TO €ro BHEIIHETO 3Jie-

MeHTa y0 — x" cymectByer runepmiockocTs
Ly-x)-0"=x")=0 ¢ I#o0
takas, uto  (/,(y—x)— (y0 — xo)) <0.

0 0 _
IlockombKy 3meMeHT ) —X =0 pAnd pPaccMaTpUBAaeMOro MHO-
JKECTBa SIBJICTCS BHEIIHMM, TO OyAeT CHOpaBeiiuBa OICHKA

(l,y—x)<0.

HaKOHeI_[, BKJIIOUUB IIYTEM COOTBETCTBYIOLICTO MPEACIIBbHOTO IEPEeEXoaa
(He HapyHmaromero HeCTporue HepaBeHCTBa) B paCCMOTPCHUC I'paHUY-
HBIC TOYKHW MHOXKCCTBA Q , [IOJIy4JaeM YTBEPKACHUEC TCOPEMBI.

Teopema nokaszaHa.
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3.3. Teopema ®Papkama

Teopema Jas Toro 4yrodbI cucrema H A HH xH =Hb H ObLIa CO-
3.3.1

BMeCTHOﬁ, HeOﬁXOI[l/lMO H A0CTATOYHO, 9YTOOBI Kadic-
(PpenrosnbmMa) .

Joe pellieHHE H y H CORPANHCEHHOI CUCTEMBI

IR

YAOBJIETBOPHAJIO YCI0BUIO

[6[]y]=0.

JIlokazaTeJIbCTBO HEOOXOOMMOCTU.
ITycTh cuctema ypaBHenuii (6.6.1) coBMeCTHa, TO €CTh JJIS KaXKI0TO e
IR [ e —— Y T
T
Tornma, BBIUKCIIAS MPOU3BEICHUC H b H H y H B TIPCAIIOJIOKCHHUH, YTO

|4l ]y I=lo]. nonysacw
[6 12 1= 4ll= DTy I=1= 14Ty I=1x ol =o0.
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JlokasaTeysbCTBO OOCTATOYHOCTHU.

T
IIycts H b H H y H =0 nns mobozo pelieHMs CUCTEMbl JMHEHHBIX

T
ypaBHEHUN H A H H y H = H 0 H Torga obmue pemeHus: CUCTEM JIH-

HEHHBIX ypaBHEHUI

b

T HAHTHJ’H:HO
Al [y]=]o

COBIIAJAIOT, M TSI OTUX CHCTEM MaKCHMaJbHOE YMCIIO JTUHEWHO He3a-
BHUCUMBIX peIIeHUI oxuHaKoBO. [103TOMy, COTTacHO M3BECTHBIM TEO-
pemMam U3 Kypca JJMHSHHOH anreOpsl,

T T

T A T A
m—rg||A|| =m-rg|— Wi rg||A|| =rg|—| .,
b b
HO MOCKOJIbKY PAHT MATPHIIbl He MEHAETCS TIPU ee TPAHCTIOHHPOBAHHH,
TO UMEET MECTO PaBEHCTBO Tg ” A ” =rg ” Alb ”, 03HavalowLIee B CH-

JIy TCOpPEMbI KpOHeKepa-KaneJmn COBMECTHOCTh CHUCTEMBI JIMHCHHBIX

spammenii | 4] x[ =[],

Teopema nokaszaHa.



lapaMeTpuuecKMe MeTOIH B MCCJEeNOBAaHMUM Olepaumit 16
YMHOB A.E., YMHOB E.A. Tema03. 2025/26 yu. 1on

Teopema JIsist TOro 4To0hI H A HH X H ZHb H — cucTeMa 7 JIMHeHHBIX
3.3.2.

(Papxama) ypaBHeHl/Iﬁ C 71 HEU3BECTHBIMH MMeJIa HeompuuyameibHOoe

0
4acTHOe pellieHue (TO ecTh pelleHue H X H 2> H o ‘ ), He00Xo-

JAAMO H T0CTATOYHO, YTOOBI H y H — Kajcooe 4acTHoe peuie-

HHe CONMPSKEHHOM CHCTEeMBbI JIMHEHHBIX HEPABEHCTB

[l »1<]ol

— YA0BJIETBOPHAJIO YC/I0BUIO

[l »1=<0.
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JJokasaTeslbCTBO.

JlokaxxeM Heobx00umocme.

Ilycth cucTeMa JTHMHEHHBIX ypaBHEHWH HAHHXHZH[)H nMeer "He-

OTpI/IIIaTe.HI)HOGH YaCTHOC peHICHUEC, TO €CTb, IMMOKOMIIOHCHTHO YJIOB-

0
JIETBOPSIOLIEE YCIOBHIO H X H 2 ” 0 ” IToxaxxem, uTO B 3TOM Cilydae

JUTA KQXI0T0 PEIICHUA CUCTEMBI JIMHEHHBIX HCPABCHCTB
T
|4 17 1=<]o]

T (v
BBIIIOJIHCHO YCJIOBUC H b H H y H < 0 . HCI/ICTBI/ITGHLHO,

o[ 1] = (4l |1 =] =] ( 4] ] )<,

IIOCKOJIbKY 71 -KOMIIOHCHTHAasl CTpOKAa C HEOTPULATCIbHBIMU 3JICMCH-
[

0 o
TaMH Hx YMHOKACTCA CIipaBa Ha 71-KOMIIOHCHTHBIN CTO.]'I6CII

T
H A H H y H C HCIIOJIOKHUTCIIbHBIMH 3JICMCHTaAMU.
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JlokaxkeM docmamouHocme.

HyCTL MaTpuna H A H 3a1acT JIMHEHHOE OTO6p AXKCHUC  BUIA

A:E" > E" cronbupt Hb

NRY% H 3a7a10T AJIEMEHTHI b,y eE”, a

CTOJIOIIBI H X

0 0
Ll x H — anemeHTHl X, X € E". O6o3naunm gepez (2

MHOXECTBO Beex dneMentToB V € £ taxux, uto v=Ax Vx>o0.

OHo ouesuono (?7) Beimykiioe. To ecTh HY)KHO ITOKa3aTh, 4TO U3 yCIIO-
x, €Q,
BUsI O cienyer Av, +(1-A)v, e Q VAe€[0,1] 2

X, €

Ecnu  mnst kajic0o20  pELIEHMS. CHCTEMBI JIMHEHHBIX —HEPABEHCTB
T T

HAH HyHSHOH BBITIOJIHEHO  yCJIOBHE HbH HyHSO ¥ TpU OTOM

b € Q, o nocrarouHocTs MOKA3aHa.



lapaMeTpuuecKMe MeTOIH B MCCJEeNOBAaHMUM Olepaumit 19
YMHOB A.E., YMHOB E.A. Tema03. 2025/26 yu. 1on

Homyctnm, uto b & €.

ITokaxkeMm, 94TO B 3TOM ciydae He 0Jid KAx*CO020 PEIICHHUS CONPSHKEHHON

T
CHUCTEMBI JITHEHHBIX HEPABEHCTB H A H H y H < H 0 H BEITIOJTHEHO YCIIOBHE

5[] vl=<0.

JeiictBurensHo, mycts dnement U € QL C E™ — npoexyus b wa Q.

3ameTnM, 4TO 37eCh (0€3 MOKa3aTeNbCTBA) MBI TIPEITIONOKHUIN 3aMKHY-
tocTs (2, KOTOpas rapaHTHPYET CYIECTBOBAHUE MPOCKIIHHY.

!
Torma mist sneMernTa y = b — U CcHOpaBeUIMBBI OLICHKM:

1°. B cumy Teopemsl 3.2.1 (06 oOTAensAromell T'UIEPIIOCKOCTH)
(y',v=b)<0VveQ, nomnockonsky 0 € 2, 10, B TOM u¥C-

ne,u (V',b)>0;

2°. Tloteopeme3.12 (v—u,b—u)<0 VveQ wum
(v—u,y)<0 YveQ.
Ouesuono (?7), 910 dIEMEHT V + U Takke OyIeT NMpHHAIJICKATh
mHoxkecTBy (2. Torza u3 IOCIEIHErO HEPABEHCTBA MOTydaeM
(1,y") <0 Vv e Q. Orkyna crenyer onenka

(v, ) =(4x,y") = (x,4"y") <0 Vx>o0.
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B cuity npou3BONBHOCTH H X H > H 0 H uMeeM H 2+y' < H 0 H . To ectb u3
b ¢ Q Britekaer (?) cyuecTBoBaHUE y' Takoro, 4To
|4]'] ¥
5]

- T
TIOCKOJIbKY H A+H = H A H .
e

SHO

>0,

5

Teopema nokasaHa.



